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Large scale magnetic fields are detected in almost all astrophysical systems and scales 
from planets to superclusters of galaxies. They have also been detected in very low density 
intergalactic media. The upper limit of primordial magnetic field (PMF) has been set by recent 
observations by the Planck satellite (2015) to be of the order of a few nG. The simple model 
2f FF  used to generate the PMF during the inflation era, is attractive because it is a stable and 
leads to a scale invariant PMF. On March, 2014, a detection of the primordial tensor mode (B-
mode) of the polarization of temperature anisotropy in CMB was initially announced by 
BICEP2, then put in doubt by Planck (Sep 2014) and finally disproved by a BICEP2/Keck Array 
and Planck joint analysis (Feb 2015). As a result, the attention on non-standard models of 
inflation such as Large Field Inflation (LFI) and Natural Inflation (NI) (originally favored by the 
BICEP2 results), has shifted to the old and more standard models, such as 
2R inflation. In this 
research, we compute magnetic and electric spectra generated by the 2f FF  model in both the 
LFI the NI for nearly all possible values of model parameters for de Sitter and power law 
expansion of inflation under the constraints of the first BICEP2 and for more general case. The 
necessary scale invariance property of PMF cannot be obtained in both LFI and NI under the first 
order of slow roll limits with the constraints implemented by the first BICEP2 results. 
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Furthermore, if the constraints were released, the scale invariant PMF can be achieved. In case of 
LFI, the associated electric field energy can fall below the energy density of inflation, Inf  for 
the ranges of comoving wavenumbers, 7 -18 10 Mpck    and 6 -14 10 Mpck    in de Sitter and 
power law (PL) expansion respectively. Further, it can drop below Inf  on the ranges, e-foldings 
51N   , 1.66p , 2.03p , 5 1 60 Pl Pl3 10 ( 3.3 10 )il M H M
     , and 3 Pl2.8 10M M
  . All of 
the above ranges fit with the observational constraints. Also, they can be considered as 
upper/lower bounds of this model. Out of these ranges, generating PMF in LFI suffer from the 
backreaction problem. However, generating scale invariant PMF in NI model suffers from the 
backreaction problem for 7 -18.0 10 Mpck   and Hubble parameter, 3 Pl1.25 10 MiH
 . The 
former can be considered as a lower bound of k  and the later as an upper bound of iH  for a 
model which is free from the backreaction problem. Further, there is a narrow range of the height 
of the NI potential,  ,  around min Pl0.00874M   and of k  around 
1
min ~0.0173Mpck
 , at 
which the energy of the electric field can fall below the energy of the magnetic field. These 
ranges also, lie within some observable scales. On the other hand, the generated PMF in the 
context of 
2R -inflation can avoid the backreaction problem at 1k . The scale invariant PMF, 
in this model, is achieved at relatively high free power index of the coupling function, 7.44  . 
This model has no backreaction problem as long as, the rate of inflationary expansion, 
5
Pl4.6 10H M
 , in both de Sitter and power law expansion, which both show similar results. 
We calculate the lower limit of the reheating parameter, rad 6.888R   in 
2R -inflation. Based on 
the upper limit of inflationary energy density obtained from CMB, we find that the upper limits 
of magnetic field and reheating energy density as,  
end
4
Pl
CMB
201.184 10B M
  and 
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  42reh PlCMB
28.480 10 M  . However, the limits derived from the inflationary model for the 
magnetic and reheating energy densities are    2e n d
4
Pl
R inflation
294.6788 10B M

   and 
  2 4reh PlR inflation
303.344 10 M 

  . All of foregoing results are well more than the lower limit 
derived from WMAP7 for both large and small field inflation. By using the Planck inflationary 
constraints, 2015 in the context of 
2R -inflation, the upper limit of reheating temperature and 
energy density for all possible values of, reh  are respectively constrained as, 
13
reh 4.32 10 GeVT    and 
4
reh Pl
183.259 10 M   at s 0.9674n  . This value of spectral index is 
well consistent with Planck, 2015 results. Adopting rehT , enables us to constrain the reheating e-
folds number, rehN  on the range reh1 8.3N  , for reh1/3 1   . Finally and by using the 
scale invariant PMF generated by 2f FF , we find that the upper limit of present magnetic field, 
9
0 8.058 0 G1B
 . It is in the same order of magnitude of PMF, reported by Planck, 2015. 
Therefore, the 2f FF  model may be viable model in the context of 
2R -inflation to generate the 
PMF and may be considered as a possible avenue to solve the problem of backreaction. 
 
 
 
 
 
 
 
 
viii 
 
 
TABLE OF CONTENTS 
 
Acknowledgements ................................................................................................................... iv 
Abstract ...................................................................................................................................... v 
List of Figures  ............................................................................................................................ x 
Chapter One: Introduction  ..................................................................................................... 1 
Chapter Two: The Fundamentals of the Scalar Field Inflation  ............................................. 9 
Chapter Three: Vector Field Inflationary Models  ................................................................15 
Chapter Four: The Observational Evidences of PMF  ..........................................................18 
4.1 Polarization of Optical Starlight .........................................................................18 
4.2 Zeeman Splitting ................................................................................................19 
4.3 Synchrotron Radiation ........................................................................................19 
4.4 Faraday Rotation ................................................................................................20 
4.5 Inverse-Compton Radiation ................................................................................20 
4.6 Planck 2015 Constraints of PMF on CMB ..........................................................22 
Chapter Five: The PMF Generated By 𝒇𝟐𝑭𝑭 in Exponential Potential Inflation  ................24 
5.1 Scalar Fields Coupled to Vector Fields (𝑓2𝐹𝐹) Inflation Model of Generating 
PMF .........................................................................................................................25 
5.2 Short Wavelength Regime, 𝜆 ≪ 1 (inside Hubble radius) ...................................30 
5.3 Long Wavelength Regime, 𝜆 ≫ 1 (outside Hubble radius) .................................32 
5.4 The General Form of Coupling Function, 𝑓(𝜙) ..................................................40 
Chapter Six: The PMF Generated By 𝒇𝟐𝑭𝑭 in Large Field Inflation ...................................42 
6.1 Slow Roll Analysis of LFI ..................................................................................44 
ix 
 
 6.1.1 LFI on the de Sitter Expansion     ...............................................................49 
 6.1.2 LFI on the Power Law Expansion     ..........................................................50 
6.2 The PMF generated in Large Field Inflation     ...................................................52 
 6.2.1 The PMF Generated in LFI in the Simple de Sitter Model .........................52 
 6.2.2 The PMF Generated in LFI in the Power Law Model of Expansion         ....60 
6.3 Summary and Discussion of the PMF Generated in LFI    ..................................68 
Chapter Seven: The PMF Generated By 𝒇𝟐𝑭𝑭 in Natural Inflation   ...................................71 
7.1 Slow Roll Analysis of NI....................................................................................72 
 7.1.1 NI on the de Sitter Expansion    .................................................................74 
 7.1.2 NI on the Power Law Expansion     ............................................................75 
7.2 The PMF Generated in NI Model     ...................................................................77 
7.3 Summary and Discussion of the PMF Generated in NI     ...................................86 
Chapter Eight: The PMF Generated By 𝒇𝟐𝑭𝑭 in 𝑹𝟐-Inflation after Planck, 2015 ...............88 
8.1 Slow Roll Analysis of 
2R -Inflation ....................................................................89 
8.2 The Electromagnetic Spectra Generated in R
2
-Inflation     ..................................92 
 8.2.1 Inflationary Electromagnetic Spectra in de Sitter Expansion ......................92 
 8.2.2 Electromagnetic Spectra in Power Law Expansion ....................................98 
8.3 Constraining Reheating Parameters By PMF .................................................... 104 
 8.3.1 Reheating Parameters  ............................................................................. 105 
 8.3.2 Constraining Reheating Parameters by the Present PMF in 
2R -inflation .. 108 
8.4 Constraining the Present PMF from the Magnetogensis     ................................ 114 
8.5 Summary and Discussion of the PMF Generated in 
2R -Inflation ...................... 116 
Chapter Nine: Discussion of the Results and Conclusions  .................................................. 119 
x 
 
References ............................................................................................................................... 125 
Vita 
 
 
 
 
  
xi 
 
LIST OF FIGURES 
 
Figure.1.1  The B-mode map detected by BICEP2 in the high galactic latitude ................... 5 
Figure.1.2 The constraints of inflation from CMB spectrum, in  𝑟0.002 − 𝑛𝑠 diagram. ........ 7 
Figure.5.1  The EM spectra at (𝑘 ≫ 1) .............................................................................31 
Figure.5.2  The Bessel function  𝐽𝛾(𝑥)  for 𝛾 = 0, 1 2⁄ , 1, . . .5 … ......................................33 
Figure.5.3  The shape of vector potential, 𝒜(𝜂, 𝑘), at (𝑘 ≪ 1) ..........................................35 
Figure.5.4  The magnetic spectra in the flat universe, at (𝑘 ≪ 1) .......................................37 
Figure 5.5 The 3D plot of magnetic field spectra at (𝑘 ≪ 1).............................................37 
Figure 5.6 The electric field spectra, at (𝑘 ≪ 1) ...............................................................38 
Figure 5.7 The EM spectra at (𝑘 ≪ 1, 𝛾 = −2) ..............................................................39 
Figure 5.8 The EM spectra at (𝑘 ≪ 1, 𝛾 = 3) .................................................................40 
Figure 6.1 The constraints of inflation for different models in ( 𝑟0.002 − 𝑛𝑠) plot ..............43 
Figure 6.2 The limits of LFI parameter, p, based on the constraint of BICEP2 ..................48 
Figure 6.3 The EM spectra, by LFI in de Sitter in BICEP2 limit, 1/2   .....................54 
Figure 6.4 The EM spectra, by LFI in de Sitter, 2p  , and 5/2  . .............................55 
Figure 6.5 The EM spectra, as a function of iH in LFI, and de Sitter ................................56 
Figure 6.6 The EM spectra, as a function of M in LFI, and de Sitter.................................57 
Figure 6.7 The EM spectra, as a function of p in LFI, and de Sitter ..................................60 
Figure 6.8 The EM spectra, by LFI in power law (PL), 2p   and 5/2  .....................62 
Figure 6.9 The EM spectra, as a function of N in LFI, and power law (PL), 2p  . ..........63 
Figure 6.10 The EM spectra, as a function of 0l in LFI, and power law (PL) , 2p   ...........64 
Figure 6.11 The EM spectra, as a function of p in LFI, and power law (PL).......................66 
xii 
 
Figure 6.12 The EM spectra, as a function of M in LFI, and power law (PL), 2p ...........67 
Figure 6.13 The EM spectra, as a function of 2c  in LFI, and power law (PL), 2p  ..........68 
Figure 7.1 The natural inflation NI, shown in  𝑟0.05 − 𝑛𝑠 diagram.....................................74 
Figure 7.2 The EM spectra, by NI in de Sitter and PL in BICEP2 limit, 1/2   ...........79 
Figure 7.3 The EM spectra, by NI in de Sitter and PL, 5/2   .....................................81 
Figure 7.4 The EM spectra, as a function of iH in NI, 5/2   ......................................82 
Figure 7.5 The EM spectra, as a function of  in NI, 5/2   .......................................83 
Figure 7.6 The EM spectra, as a function of  in NI, 5/2   .......................................84 
Figure 7.7 The EM spectra, as a function of k in NI, 5/2  , min 0.00460    ............85 
Figure 8.1 The sr n  relation in R
2
 –inflation, for 50,  60,  64N  , and 68 .......................91 
Figure 8.2 The N   relation, at ( , ) 5/2N   , at scale invariant PMF. ........................94 
Figure 8.3 The EM spectra for  2,  7.4359  , 64N  , 210    and 5 Pl10H M
  ........95 
Figure 8.4 The EM spectra for 2,  7.4359  , 64N  , 210    and Pl0.2H M ...........96 
Figure 8.5 The relation between   and N  at ( ,  ) 5/2N   , for both dS and PL ..........97 
Figure 8.6 The 3D plot of EM spectra, H  and N , for dS expansion  ................................98 
Figure 8.7 The EM spectra for 7.43  , and PL for , 1 Pl0.2H l M
  . ......................... 100 
Figure 8.8 The EM spectra for 7.43  , and PL for , 1 5 Pl3.6 10H l M
    ................. 100 
Figure 8.9 The EM spectra as a function of  , for 7.43  , 64N  , 3 110 Mpck    .... 101 
Figure 8.10 The EM spec as a function of H , for 7.43  , 3 110 Mpck   . ................... 102 
Figure 8.11 The EM spec as a function of H , for 7.43  , 3 110 Mpck   . ................... 103 
Figure 8.12 The EM spec as a function of  , for 1 5 Pl3.6 10H l M
    , 
3 110 Mpck   .103 
xiii 
 
Figure 8.13 The plot of rehN  versus sn , at the end of 
2R -inflation .................................... 111 
Figure 8.14 The plot of rehT  versus sn , at the end of 
2R -inflation. .................................... 112 
Figure 8.15 The plot of rehN  versus reh  for, reh1/3 1   , at s 0.9637n  . ............... 113 
 
 
 
1 
 
CHAPTER ONE: INTRODUCTION 
 
Inflationary cosmology theory has solved many of the fundamental problems of the Big Bang 
model, such as the flatness, horizon problems. Also, it explains why we do not detect magnetic 
monopole in the universe. In order to solve these problems, the universe should follow a rapid 
way of expansion (exponential) and the expansion should last enough time (slow roll 
approximation).  
As a result of these two conditions, the universe inflated enormously and becomes very 
flat afterward “flatness problem”. In other words, the density of the universe is almost exactly 
equal the critical density Ω0 throughout all stages after inflation. Similarly, the universe was in 
thermal contact (equilibrium) at the onset of the inflation, so that the electromagnetic radiation 
CMB left over from inflation has the same temperature in all direction. Without proposing the 
stage of inflation, it was not clear how distant parts in different directions of the universe were in 
causal contact or in the same horizon “horizon problem”. At that stage, the space-time (but not 
information) expanded in a speed greater than the speed of light, so the parts, which appear as 
unconnected, were in causal connection in the pre-inflation stage. Moreover, inflationary theory 
solved the problem of “magnetic monopole” in the same manner as it did for flatness. According 
to grand unification theory (GUT), there was a grand unification era at which, topological defects 
of space-time appeared as magnetic monopoles. Thus, their density should be very high in the 
current time, so it could be detected easily. But with inflation all point defects are removed and 
the density of magnetic monopole is negligible.              
In the original form of inflation as proposed by A Guth (1981) [1], a fundamental scalar 
field (inflaton) is the physical generator of the inflationary era. That proposal is essentially based 
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on a standard quantum field theory, which predicts the role of scalar fields at the very high 
energy limits, such as the energy of inflation. The scalar field inflationary universe model is 
stable under perturbations [2-11]. So, it is a physically viable model. It has also shown very 
accurate predictions of the cosmological properties of the universe like the fluctuations in both 
the temperature of the cosmic microwave background (CMB) and large scale structure (LSS) of 
the universe. The anisotropy of the CMB is also one of the natural predictions of that model. In 
order to get the observed amount of anisotropies, the initial conditions, potential, and number of 
e-foldings need to be fine-tuned. Based on that model, gravitational waves (GWs) have also been 
predicted as a result of space time tensor fluctuations. 
Apart of these successes, there are some challenging problems associated with the scalar 
model. For example, there is no clear physical relation between the scalar field of early inflat ion 
and the dark energy that apparently is driving the current accelerated expansion of the universe. 
Also, over the last few years, where the precision of CMB detection is being increased, some 
levels of statistical anisotropies have been and are still being detected in the temperature 
fluctuation and the power spectrum of the CMB [12-17]. These levels of anisotropy are not easy 
to explain within scalar field model without fine-tuning to the initial conditions or the potential 
of the inflation. Also, within a scalar model only, one cannot explain the existing of primordial 
magnetic field (PMF) during the era of inflation. It is a necessary condition to explain the 
detection of PMF in almost all scales of the universe.     
  On the other hand, the existence of fundamental vector fields (e.g. electromagnetic 
fields) has been known since the nineteenth century. If the vector field is relevant to inflation, it 
may also produce anisotropy in an inflationary universe whatever small it is, which seems to 
contradict the perfect isotropy of the universe in the cosmic large scale “the cosmic no-hair 
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conjecture” [18]. As a result, several massive vector field models have been proposed to replace 
the role of the scalar field model and to explain the anisotropies detected in the CMB. In some of 
these models, vector field is coupled to itself in the Lagrangian of the field [19-22] and in some 
other they are non-minimally coupled to gravity [23-26]. They show a consistency with the slow-
roll approximation and the amount of detected anisotropies as much as the model of chaotic 
inflation with a scalar fields [27]. Also, they show a natural relation or transition between the 
early inflation and dark energy that is widely believed to drive the current expanding epoch of 
the universe [28-30]. But in these models, the square value of the mass of a vector turns out to be 
negative (ghost) which represents unstable growth of the linearized perturbations in the small 
wavelength (UV) regime. Moreover, in almost all massive fields, U(1) gauge invariance of the 
vector field is broken [31-32].  
In order to avoid these problems, models with a gauged non-massive vector field 
kinetically coupled to the scalar field are proposed, ( 2f FF ) [33-34]. Some researchers have 
shown that this scalar-vector model is stable under perturbations, see [32] and the references 
therein. According to these researches, the scalar field drives the inflationary expansion while the 
vector field causes the anisotropies. Moreover, it is more natural to assume the existing of both 
primordial vector and scalar field in the grand unified era than to assume one type of a field only. 
In addition, the primordial magnetic field (PMF) is a natural outcome of these models. 
The magnetic fields are being observed in all kinds of galaxies and cluster of galaxies at 
wide range of redshift. Moreover, the PMF was revealed and its lower bound is constrained in a 
very low density intergalactic medium (void) [52]. As the common astrophysical model (galactic 
dynamo) of generating magnetic fields cannot explain the existence of PMF on the absence of 
the uniform rotating charged medium, such a detection and indication can add extra supportive 
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point to this model [34, 40-43]. Finally, the latest constraints on the value of PMF were 
presented recently by Planck 2015 [95].  
If the existence of a relatively high strength PMF during very early era of the universe is 
verified, there will be implications on some astrophysical and cosmological phenomena. As the 
magnetic field plays important role in magneto hydrodynamic, PMF may influence the process 
of gravitational collapse which in turns affects early stars and galaxies formation dynamics. The 
dynamics of galactic and intergalactic gases is affected as well. In addition to the foregoing 
astrophysical effects, some cosmological effects of PMF on most of the cosmological signals and 
spectra are expected. For example, the effects on; PGW, big bang nucleosynthesis (BBN), CMB, 
large scale structure (LSS), the thermal and chemical evolution during the dark ages of the 
universe, and reionization [53]. For these reasons, investigating models of generating PMF in the 
inflation period and problems associated with these models is itself a very important subject. 
The main problems with this model are: the backreaction problem, where the scale of the 
electromagnetic field can exceed the scale of inflation itself [44-45], and the strong coupling 
between electromagnetic fields and charged matter at the beginning of inflation [40, 47]. It leads 
to a huge coupling between the electromagnetism and the charged particles. If the 
electromagnetic field couples to charged matter, the physical charge associated with, is so huge 
at the onset of inflation. For example, for the number of e-folds of inflation, 60N  , the physical 
electric charges, 120q e  [40]. Such an incredibly huge charge makes this model un-trustable. 
On March 2014, the first result of Background Imaging of Cosmic Extragalactic 
Polarization (BICEP2) was released [54]. They reported the detection of the tensor mode (B-
mode) of the polarization of temperature anisotropy in CMB. The tensor to scalar ratio detected 
was, 𝑟 = 0.2−0.05
+0.07, with 𝑟 = 0, disfavored at 7.0𝜎, see Fig.1.1. Also, the scale of inflation energy 
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is closed to Grand Unified Theory GUT scale (𝜌GUT
1/4~1016GeV).  As a matter of fact, tensor 
perturbation directly indicates the energy scale of inflation [55]. According to Planck (2013) 
[56], the upper bound on the tensor-to-scalar ratio is 𝑟 < 0.11 (95% CL) and the scalar spectral 
index was constrained by Planck, 2013 to 𝑛𝑠= 0.9603 ± 0.0073 ( 0.9682 0.0062sn   , Planck, 
2015 [96]). 
As a result of BICEP2, many inflationary models including simple models endorsed by 
WMAP9 and Planck were in trouble [57-58]. Therefore, a non-standard models, such as Large 
Field Inflation (LFI) [59], Natural Inflation (NI) [60-61] models fit more with the new result of 
BICEP2 and got more interest. 
 
 
Fig.1.1. The indirect constraints of inflation from CMB spectrum, as shown in  𝑟0.002 − 𝑛𝑠 diagram. It is drawn from 
BICEP2, Planck, WMAP, highL. Courtesy, BICEP2 Collaboration [54].  
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In Sep 2014, Planck released the angular power spectrum of polarized dust emission at 
intermediate and high galactic latitudes [89]. The detection frequency of Planck (353 GHz) is 
different than that of BICEP2 (150 GHz). But in these results, they extrapolated the power 
spectrum to the same frequency. Also they observed the same patch of sky at high Galactic 
latitude, which was observed by BICEP2, at low multipoles 40 < l < 120.  
These above results indicated that, there is a significant contamination by dust over most 
of the high Galactic latitude sky in the same range of detecting a primordial B-mode by BICEP2. 
Consequently, there is a relatively high value of uncertainty that may raise the values of detected 
B-mode to the magnitude measured by BICEP2. This effect was previously proposed by [90]. 
These results of Planck created some serious challenges to BICEP2, which in turns urged more 
collaboration between the two probs.  
Very recently, the joint analysis of BICEP2/Keck Array and Planck data was released on 
Feb 2015 [94]. The joint data of three probes eliminate the effect of dust contamination and show 
that the upper limit 0.05 0.12r   at 95% CL, and the gravitational lensing B-modes (not the 
primordial tensor) are detected in 7 . By considering these inputs, the shape of the signals of 
the same patch of sky can be re-drawn as in Fig.1.2. 
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Fig.1.2. The signal map of the same patch of sky originally observed by BICEP2 which leads to the first result of 
BICEP2 (down). But after combing the data of the three probes, the primordial tensor B-modes will be smoothed out 
(right).  
 
      
Few days later, Planck 2015 released new series of results that include the CMB 
anisotropies in both temperature and polarization based on the full Planck survey [95-96]. Both 
observed PMF and inflationary models are constrained. As a result, new comprehensive set of 
constraints on the upper limits of PMF have been presented. It will be introduced in detail in 
Chapter 4. Similarly, the inflationary models are constrained based on the new analysis of data. 
The more standard inflationary models, which result low value of r , are favored more by the 
new results. Among the best models favored by Planck is the earliest model proposed by 
Starobinsky (
2R -inflation) [2]. However, the chaotic inflationary models like LFI and NI are 
disfavored.         
As we started part of this research months before Planck 2015 and applied both the 
BICEP2 limits and more general limits, it is still a good test to both the chaotic inflationary 
models and 2f FF model. In fact, the results of this research can be considered in a one way 
against those models. Thus, goals of this research are to study the viability of PMF generated in 
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inflation era by scalar fields coupled to vector field model, 2f FF , at flat universe for, LFI and 
NI models of inflation. 
After Planck 2015, we started investigated 2f FF  model but in the context of 2R -
inflation. We decide the condition under which, we have a scale invariant PMF and then 
calculate its magnitude during inflation. In this case we go beyond the inflation era to post-
inflation phases, like reheating parameters. Thus, we constrain the reheating parameters both in 
2R -inflation and based on the upper limits of PMF reported by Planck, 2015 [95]. The most 
important result of this research is the constraining of the present PMF. It is computed from the 
calculated magnitude of scale invariant PMF and the constrained reheating parameters.  
The organization of this dissertation is as follows. In chapter 1, an introduction is given. 
In chapter 2, the fundamental of the scalar inflationary model is presented. In chapter 3, the 
vector field inflationary model is introduced. Chapter 4 shows the observational evidences of the 
PMF. Chapter 5 presents the generation of PMF by 2f FF  in exponential inflationary models as 
done in [44]. In chapter 6, we apply the same model with large field inflation LFI. In chapter 7, 
we use the same method but with natural inflation NI. In chapter 8, we investigate 2f FF  in the 
context of 
2R -inflation and constrain both reheating parameters and present PMF on the light of 
Planck, 2015. Finally, in chapter 9, we recap the main results and conclusions of the dissertation. 
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CHAPTER TWO: THE FUNDAMENTALS OF THE SCALAR FIELD INFLATION 
 
Cosmic inflation is one of the most brilliant ideas which lead to understand the evolution of the 
Universe. It basically explains the reason why our Universe is so flat, and large, and 
homogeneous. Since the time it was proposed by Guth [1], it showed a successful explanation to 
the most cosmological puzzles. Also, one of the most important results of inflation is the 
generation of the curvature perturbation, which is essential to explain the degree of homogeneity 
in structure formation and the CMB anisotropy. 
There have been two main constraints of the inflation since it has been proposed. First, 
the energy density of the universe during inflation was dominated by a slowly varying vacuum 
energy. This constraint is called slow-roll approximation. The second one, is that the scale factor 
of the universe 𝑎(𝑡) grew more-or-less exponentially during inflation. Without these two 
assumptions, one cannot solve the foregoing puzzles and explain many other aspects of the 
universe and astrophysical phenomena in a consistent way.  
On the other hand, the proposed inflation was first thought [1] to be driven by a scalar 
field rolling dawn from local minimum slowly then it was stopped by quantum-mechanical 
barrier penetration which rolls to the global minimum at which the present universe lie. It is 
basically similar to a delayed first-order phase transition of a scalar field which was initially 
trapped in a local minimum of some potential, and then penetrates through the potential barrier 
and rolled toward a global minimum of the potential. Such inflation has fundamental problem 
because it leads to multi-bubbles inflation which in turn localize the energy on the boundaries of 
bubbles [3-7]. Consequently, the present universe will be highly inhomogeneous and anisotropic.  
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For these reasons, this model was replaced, soon later, by a new form of inflation [2-3] at 
which the potential 𝑉(𝜙) is adjusted to have zero second derivative at 𝜙 = 0. In this point the 
potential is an unstable and has a local minimum at different point 𝜙0. Such a model also leads to 
exponential expansion of the universe and slow rolling of the scalar field (inflaton), 𝜙(𝑡), and 
hence slow rolling of the initial large potential 𝑉(𝜙). 
In this dissertation, we adopt the natural units,     1Bc k , the signature ( 1,  1, 1, 1) , 
and flat universe, where we use the reduced Planck mass,  


1/2
Pl  8M G , where G is 
gravitational constant. However, the Planck mass will be taken, Pl  1M  , in the computation 
parts. 
One can drive the dynamical equation of the Universe from Einstein field equation, 
   𝑅𝜇𝜈 −
1
2
𝑔𝜇𝜈𝑅 + 𝑔𝜇𝜈Λ = −
1
𝑀Pl
𝑇𝜇𝜈,     (2.1) 
where, 𝑅𝜇𝜈 is Ricci tensor, R is Ricci scalar, 𝑔𝜇𝜈 is the space time metric, Λ is the cosmological 
constant, and 𝑇𝜇𝜈 is the energy-momentum tensor defined as, 
   𝑇𝜇𝜈  = −𝑔𝜇𝜈 [
1
2
𝑔𝜌𝜎
𝜕𝜙
𝜕𝑥𝜌
𝜕𝜙
𝜕𝑥𝜎
+ 𝑉(𝜙)] + 𝑔𝜇𝜌𝑔𝜈𝜎
𝜕𝜙
𝜕𝑥𝜌
𝜕𝜙
𝜕𝑥𝜎
,  (2.2) 
where, 𝜙(𝑡) is a scalar field, and 𝑉(𝜙) is the inflation potential. 
 Simple models of inflation potential are based on a single scalar field, such as quadratic, 
  2~V , quartic,   4~V [80], Higgs inflation,    
2
Pl~ 1 exp[ 2/3 / ]V M   , and the 
exponential potential,       1 0~ exp[ 2 ]V  [81]. The last one is used in [44-45] to find 
the magnetic and electric spectrum in the 2f FF  model as we shall present in chapter 6. These 
models became more interesting after WMAP9 [17] and Planck 2013 [56]. As a result, the 
preferred potential class is the so called “plateau inflation”, at which   0 0V . 
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On the other word Equation (2.1) shows the relation between the curvature of the space 
(left hand side) and its contents of energy and materials (right hand side). Adopting a 
homogenous and isotropic Universe, Friedmann-Robertson-Walker FRW metric 𝑔𝜇𝜈, such that 
the invariant metric of such a Universe can be written in spherical coordinates as, 
  𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇  𝑑𝑥𝜈 = −𝑑𝑡2 + 𝑎2(𝑡) (
𝑑𝑟2
1−𝑘𝑟2
+ 𝑟2𝑑𝜃2 + 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2). (2.3) 
Where, 𝑎(𝑡), is scale factor. In the general Cartesian coordinates, 
𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇  𝑑𝑥𝜈 = −𝑑𝑡2 +
𝑎2(𝑡)
1+
1
4
𝐾𝑥𝑖𝑥
𝑖
𝑑𝑥𝑗𝑑𝑥
𝑗 ,     {
𝐾 = 0, for a flat universe
𝐾 = −1, for an open universe
𝐾 = +1, for a closed universe
 . (2.4) 
In conformal time, 𝜂, FRW metric can be written as, 
   𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇  𝑑𝑥𝜈 = 𝑎2(𝜂) (−𝑑𝜂2 +
1
1+
1
4
𝐾𝑥𝑖𝑥
𝑖
𝑑𝑥𝑗𝑑𝑥
𝑗).  (2.5) 
The solutions to (2.1) by adopting (2.3) are the well-known Friedmann equations  
   ?̇? 2  =
𝜌𝑎2
3𝑀Pl
2 − 𝑘 +
Λ𝑎2
3
 ,      (2.6) 
   
?̈?
𝑎
 = −
1
6 𝑀Pl
2 (𝜌 + 3𝑝) +
Λ
3
  ,      (2.7) 
And the conservation law, 
   ?̇?  = −
3?̇?
𝑎
(𝜌 + 𝑝) =  −3𝐻(𝑡)(𝜌 + 𝑝) .    (2.8) 
By using the general definition of energy-momentum tensor (2.2) and compare it with 
that for perfect fluid, 
   𝑇𝜙
𝜇𝜈
 = 𝑝𝑔𝜇𝜈 + (𝑝 + 𝜌)𝑢𝜇𝑢𝜈, 𝑔𝜇𝜈𝑢
𝜇𝑢𝜈 = −1,  (2.9) 
one can define the energy density ρ, pressure p, and velocity four vector uμ as, 
   𝜌 = −
1
2
𝑔𝜇𝜈
𝜕𝜙
𝜕𝑥𝜇
𝜕𝜙
𝜕𝑥𝜈
+ 𝑉(𝜙),      (2.10) 
   𝑝 = −
1
2
𝑔𝜇𝜈
𝜕𝜙
𝜕𝑥𝜇
𝜕𝜙
𝜕𝑥𝜈
− 𝑉(𝜙),      (2.11) 
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   𝑢𝜇  = − [−𝑔𝜌𝜎
𝜕𝜙
𝜕𝑥𝜌
𝜕𝜙
𝜕𝑥𝜎
]
−1/2
+ 𝑔𝜇𝜏
𝜕𝜙
𝜕𝑥𝜏
 .    (2.12) 
Since the scalar field, 𝜙(𝑡) is only time dependent, then (2.10-2.12) can be written as, 
   𝜌 =
1
2
?̇?2 + 𝑉(𝜙),     𝑝 =
1
2
?̇?2 − 𝑉(𝜙),      𝑢𝜇 = [?̇?]
1/2
.   (2.13) 
Substituting of (2.13) into (2.6-2.7) yields, 
   𝐻 2 =  
1
3𝑀Pl
2 [
1
2
?̇?2 + 𝑉(𝜙)] −
𝑘
𝑎2
+
Λ
3
 .    (2.14) 
If both k and Λ are neglected in the early universe, then (2.5) can be written as, 
   𝐻 2 =  
1
3𝑀Pl
2 [
1
2
?̇?2 + 𝑉(𝜙)].      (2.15) 
Combining (2.14) with (2.8) and (2.13) gives the inflation equation of motion, 
   ϕ̈ + 3𝐻?̇? +
𝑑𝑉
𝑑𝜙
= 0.       (2.16) 
In the slow roll approximation, one can neglect the second derivative in (2.16) which leads to the 
attractor condition, 
   ?̇? = −
1
3𝐻
𝑑𝑉
𝑑𝜙
.       (2.17) 
If the expansion during inflation period was exponential of the form, 
   
𝑎(𝑡2)
𝑎(𝑡1)
= 𝑒𝑥𝑝 [∫ 𝐻𝑑𝑡
𝑡2
𝑡1
],      (2.18) 
where, 𝑡1, 𝑡2 are the cosmic time at the start of and during inflation respectively. Hence, the 
exponent is extremely high and, 
|?̇?|
𝐻2
~ |∆𝐻| ≪ 1 → |?̇?| ≪ 𝐻2,      (2.19) 
which is combined with (2.15) to imply, 
?̇?2 ≪ |𝑉(𝜙)|.        (2.20) 
Both (2.15) and (2.19) imply that, during the inflation period, 
   𝐻~Const.        (2.21) 
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If 𝐻 = Constant, that is the case for de Sitter inflation at which the space time expand 
exponentially, 
𝑎(𝑡) ∝ 𝑒𝑥𝑝[𝐻 𝑡],       (2.22) 
where, t, is any time after inflation.  
In fact, de Sitter model, is only zero order approximation which does not have graceful 
exit from inflation [91]. To have more realistic slow roll analysis that has a smooth exit from 
inflation, Hubble parameter should be taken as a function of scalar field, ( )t . If the field falls 
below certain value, it starts oscillates then converts to particles in the reheating era coming after 
inflation. Defining the conformal time, 𝜂, as, 
    𝑑𝑡 = 𝑎(𝜂)𝑑𝜂,        (2.23)   
Eq. (2.22) can be written in conformal time as, 
   𝑎(𝜂) = (𝐻 𝜂)−1.       (2.24)  
In more general power form [44, 55], 
   𝑎(𝜂) = 𝑙0|𝜂|
1+𝛽 ,       (2.25)  
where, −∞ < 𝛽 ≤ −2 and 𝑙0 is the integration constant which can be approximated as 𝑙0 ≈
1 𝐻⁄ . In the case of de Sitter model, we have a total scale invariance of CMB. Hence, 𝛽 is very 
close to −2.   
From (2.13), the equation of state in that period is approximately similar to vacuum 
equation, 𝑝 ≈ −𝜌, and (2.15) becomes, 
   𝐻 =  √
𝑉(𝜙)
3𝑀Pl
2  ,         (2.26) 
Combining (2.15), (2.20), and (2.26) yields what are called flatness conditions, 
   |
𝑉𝜙(𝜙)
𝑉(𝜙)
| ≪  
√2
𝑀Pl
  ,       (2.27) 
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   |
𝑉𝜙𝜙(𝜙)
𝑉(𝜙)
| ≪
√3
𝑀Pl
,        (2.28) 
where, 𝑉𝜙 = 𝜕𝜙𝑉. The above two relations confirm the slow roll of 𝜙 and ?̇? and in turns confirm 
the exponential expansion for sufficient e-folding, N, which is needed to solve the main puzzles 
of the Big Bang cosmology. A typical values of 𝑁 ≈ 60, which may solve flatness, monopole, 
and horizon problem. 
Hence, defining the slow roll parameters [55] of the single field inflation, which are 
assumed to be very small during inflation. They can be written in terms of inflationary potential,  
   𝜖1𝑉(𝜙) =
1
2
𝑀Pl
2 (
𝑉𝜙
𝑉
)
2
,      (2.29) 
  𝜖2𝑉(𝜙) = 𝑀Pl
2 (
𝑉𝜙𝜙
𝑉
).      (2.30) 
Also, they can be written in terms of Hubble parameter, 
   𝜖1𝐻(𝜙) = 2𝑀Pl
2 (
𝐻𝜙
𝐻
)
2
,      (2.31) 
  𝜖2𝐻(𝜙) = 2𝑀Pl
2 (
𝐻𝜙𝜙
𝐻
).      (2.32) 
In terms of 𝜖1𝑉(𝜙), one can write the e-folding number N,  
   𝑁 ≃ ln (
𝑎(𝑡2)
𝑎(𝑡1)
) = −√
1
2𝑀Pl
2  ∫
1
√𝜖1𝑉
𝜙𝑓
𝜙
𝑑𝜙 .    (2.33) 
In addition to the success, the inflation theory provides us with a very nice origin of 
almost equal tiny inhomogeneity observed in both the cosmic microwave background CMB 
radiation and the large scale structures in the Universe. That is based on the adiabatic 
perturbation at which the ratio of radiation and matter number densities is conserved. Other two 
important predictions are a scale-invariant spectrum of primordial Gaussian density, and 
prediction of PGW. 
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CHAPTER THREE: VECTOR FIELD INFLATIONARY MODELS 
 
In contrast to the success of inflationary theory, the nature of inflation field (inflaton) remains 
largely unknown. The link between the current dark energy which has been driving the 
acceleration of the universe, as confirmed by observing high z, Type Ia supernovae [121], and 
the early inflation is not yet understood. Furthermore, as a result of high precession cosmology, 
some deviation from homogeneity, isotropy, and scale invariant [17, 56], have been reported in 
the last few years. All of these reasons re-trigger the interest to explore some other conceivable 
types of inflationary models. Among these types is the vector field inflation. Physicists have 
dealt with vector (electromagnetic) field for over a century.  
Another approach to the field of inflation is through field theory which is based on the 
Lagrangian density, ℒ(𝜙, ∂𝜇𝜙, 𝑥
𝜇), formulation [64]. Therefore, the equation of motion (2.16) 
can be derived either from field equation as we did in the first section, or by finding the 
minimum of the action,  𝑆(𝜙, ∂𝜇𝜙), of the field 𝜙, 
   𝑆(𝜙, ∂𝜇𝜙) = ∫ ℒ(𝜙, ∂𝜇𝜙, 𝑥
𝜇)𝑑𝑥𝜇.     (3.1) 
Hence, defining  ℒ(𝜙, ∂𝜇𝜙, 𝑥
𝜇) is a key role in this method. The basic differences between 
inflation models can be referred to the definition of  ℒ(𝜙, ∂𝜇𝜙, 𝑥
𝜇) which contains all the physics 
in the model.   
For example the Lagrangian density for a free scalar field (particle) of mass m can be 
written [65] as, 
   ℒ(𝜙, ∂𝜇𝜙, 𝑥
𝜇) =  
1
2
(∂𝜇𝜙)(𝜕
𝜇𝜙) −
1
2
𝑚2𝜙2.    (3.2) 
However, the Lagrangian of the electromagnetic EM field, which is massless particles (photons) 
field of spin-1, is written as, 
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   ℒ(𝐴, ∂𝜇𝐴, 𝑥
𝜇) =  −
1
4
𝐹𝜇𝜈𝐹
𝜇𝜈 − 𝐽𝜇𝐴𝜇,    (3.3) 
Where 𝐹𝜇𝜈, is Maxwell’s field tensor defined as, 
   𝐹𝜇𝜈 =  ∂𝜇𝐴𝜈 − ∂𝜈𝐴𝜇.       (3.4) 
𝐴𝜇, is 4-vector potential, and 𝐽
𝜇, is charge-current 4-vector. Hence, the Lagrangian density of 
free massive vector field can be written in correspondence to EM field as, 
    ℒ(𝐴, ∂𝜇𝐴, 𝑥
𝜇) =  −
1
4
𝐹𝜇𝜈𝐹
𝜇𝜈 +
1
2
𝑚2𝐴𝜇𝐴
𝜇.    (3.5) 
Finding the minimum of (3.2) is similar to solving Euler-Lagrange (EL) equation in 
terms of field, 𝜙, which can be written as 
   ∂𝜇
𝜕ℒ
𝜕𝜇𝜙
−
𝜕ℒ
𝜕𝜙
= −
𝛿𝐿
𝛿𝜙
= 0 .      (3.6) 
For scalar field ℒ as in (3.2), solving (3.6) yields the inflation equation of motion (2.16). For 
example, solving EL for electromagnetic field Lagrangian (3.3) yields the compact form of 
Maxwell’s equations. 
   𝜕𝜇𝐹
𝜇𝜈 = 𝐽𝜇.        (3.7) 
Similarly, substituting of (3.5) into (3.6) will result what is called Proca Equation, 
   (𝜕𝜇𝜕
𝜇 + 𝑚2)𝐴𝜇 = 0.       (3.8) 
The geometry of space time is assumed to be flat (Minkowski) in all of the above Lagrangian 
densities.  
However, if the geometry of the background space time was not flat, then one has to use 
the Einstein-Hilbert Lagrangian, ℒ𝐸𝐻 , 
ℒ𝐸𝐻 = √−𝑔(ℒfield + ℒ𝑅) .       (3.9) 
Where  ℒ𝑓𝑖𝑒𝑙𝑑  is the Lagrangian of a field, as defined above for different fields, and ℒ𝑅is the 
geometric Lagrangian, which has the simplest form according to Einstein-Hilbert as, 
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   ℒ𝑅 =
1
16𝜋
𝑅,        (3.10) 
where, 𝑅 is Ricci scalar which include the geometric curvature of the space time.  
One main point is that, under a gauge transformation,  
    ?̂?𝜇 = 𝐴𝜇 + 𝜕𝜇𝜆 ,       (3.11) 
the physical Lagrangian should be invariant. If that is applied to the Lagrangian of the field as it 
is, then it is called minimally coupled field. However, if some other terms are added to the 
Lagrangian to satisfy gauge invariance, then it is called non-minimally coupled field. Applying 
this on the massive scalar field (3.2) and massless vector EM field Lagrangians shows that they 
are gauge invariant and minimally coupled.  
In contrast to the massive scalar field, the Lagrangian of the massive vector field will not 
be invariant unless it is coupled with some matter to keep gauge invariant. Hence, it is a non-
minimally coupled field.  
There are two classes of vector field inflation, one at which the inflation is entirely driven 
by the vector field [23], and the other at which the vector field has a partial contribution to 
inflation [32]. Both of them end up either being entirely responsible for or only partially 
contributing to the curvature fluctuations and dark energy at the late times. The role of the scalar 
field in the second class is the dominant factor. Some models use one vector field and others use 
many fields.  
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CHAPTER FOUR: THE OBSERVATIONAL EVEDENCES OF PMF 
 
Magnetic fields of different strengths are measured or reported in all astrophysical scales from 
small planets to large galaxy clusters. The range of astrophysical magnetic fields varies from 
1012G in neutron stars to 10−6G in galaxy clusters [67]. The existence of magnetic fields in all 
kinds of galaxies and galaxies clusters is well established. There are mounting evidences and 
hints for the existence of PMF in intermediate and high redshift clusters [53]. Moreover, the 
lower bound value of intergalactic magnetic field was reported as B ≥ 10−16G [52].  
Recently, Planck 2015 presented new upper limits on the strength of PMF based on the 
CMB polarization [95]. The set of constraints imposed by Planck can be considered as 
comprehensive limits of PMF. In this chapter, we will summarize the main methods used to 
measure and study the astrophysical magnetic fields. We end this chapter by presenting the 
constraints of PMF imposed by Planck 2015.  
 
4.1 Polarization of Optical Starlight 
Polarized light from stars revealed the presence of large-scale magnetic fields in our Galaxy. The 
first unexpected observation of polarized starlight was made by Hiltner and Hall (1949) [66]. 
They expected to find time-variable polarization levels of 1-2% but they detected polarization 
levels as high as 10% for some stars. This observation led to the conjecture that a new property 
of the interstellar medium (ISM) had been discovered. In the same time Alfv´en (1949) and 
Fermi (1949) were proposing the existence of a galactic magnetic. This technique has many 
limitations to detect and trace the magnetic field accurately [66].  
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4.2 Zeeman Splitting 
In the presence of magnetic fields, each spectral line of an atom splits into several lines 
according to its angular momentum number (spin plus orbital angular momentum). The most 
common spectral lines used in this method are the 21-cm line for natural hydrogen and 18-cm 
line for OH. Because of the difficulty of detection this effect in the far sources, it is used 
efficiently to measure magnetic fields in our galaxy only.  The relation between the frequency of 
a line 𝜈, frequencies of the splitting lines 𝜈1, 𝜈2 and the magnetic field B is such that [66], 
𝜈2−𝜈1
𝜈
= 1.4g (
𝐁
𝜇𝐺
) (
Hz
𝜈
),                                                                    (4.1) 
Where, g is Lande factor. That method was used to infer part of the magnetic field of the galaxy 
[68]. 
  
4.3 Synchrotron Radiation 
It is the radiation emitted by relativistic electrons spiraling along magnetic field lines. It can be 
used to study magnetic fields in astrophysical sources ranging from pulsars to superclusters. The 
emissivity of the synchrotron radiation is proportional to the strength of magnetic fields whereas 
the degree of polarization is an indication of the field’s uniformity and structure. Distinguishing 
this radiation from other types of radiation can be achieved by measuring the power spectral 
index, 𝛼.  
There is a definitive relation between 𝛼 and the particle distribution index, p, at which the 
energy of a relativistic electron is distributed. That relation [69] is, 
𝛼 =
𝑝−1
2
.        (4.2) 
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For a single electron moving in a magnetic field B, the emissivity 𝐽(𝜈, 𝐸) (energy emitted 
spontaneously per unit frequency per unit time per unit mass) as a function of frequency 𝜈 and 
electron energy E is  
  𝐽(𝜈, 𝐸) ∝ 𝐵⊥ (
𝜈
𝜈𝑐
)
1/3
𝑓 (
𝜈
𝜈𝑐
),      (4.3) 
where 𝐵⊥ is the perpendicular component of B to the line of sight, 𝜈𝑐 is the critical frequency of 
the radiation, and 𝑓(𝑥) is a cut-off function. This method is used to detect and trace the magnetic 
field of galaxies in the order of ~ (1-100 μG) /few Kpc [70]. 
 
4.4 Faraday Rotation  
It occurs whenever a polarized electromagnetic waves, passes through a region of both magnetic 
field and free electrons. The initial waves of a left and right circular polarization states 
propagates with different phase velocities. However, the initially linear polarized waves, which 
are the most relevant case, will experience a rotation of the electric field vector. This rotation can 
be measured by the rotation measure (RM). The RM (in rad/m
2
) for radiation of a source at 𝑧𝑠 
redshift which passes through a region has the magnetic field B (in μG) and electron of 𝑛𝑒 (in 
cm
-3
) density [71], 
       𝑅𝑀(𝑧𝑠) ≈ 8 × 10
5 ∫
𝑛𝑒𝐵∥(𝑧)
(1+𝑧)2
𝑑𝐿(𝑧)(𝑟𝑎𝑑/𝑚2)
𝑧𝑠
0
,   (4.4) 
where, 𝐵∥(𝑧) is the magnetic field along the line of sight. Using a multi-wavelength observation 
allow us to find the strength and the direction of 𝐵∥(𝑧). This method is used to detect and trace 
the magnetic field of clusters of galaxies in the order of ~(1 − 10 𝜇G)/few 10 Kpc [72-73].  
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4.5 Inverse-Compton Radiation 
This method based on exploiting the magnetic effects on the highly energetic photons emitted by 
a GeV or TeV distant sources like AGNs. The interaction between these photons and the low 
energy CMB photons can lead to electron pair production. The produced particles may in turns 
scatter with CMB photon via inverse-Compton process to produce γ-rays. If a very low density 
intergalactic medium has even a very weak magnetic field (~10−24G) [74], the shape of γ-rays 
spectra will be affected. Formation of a halo around the AGN source, which is confirmed, is an 
example of these effects.  
According to Ref [71], “three independent groups have recently reported the detection of 
intergalactic magnetic fields with strengths close to 10−15G”. Those groups mainly used the data 
of HESS Cherenkov Telescopes, Fermi satellite, and Large Area Telescope to constrain the 
lower bound of the intergalactic magnetic field. Some of them [52] assumed that the AGN source 
is isotropic and they got a lower bound of 10−16G in Mpc scales. However, the other [76] 
assumed it is highly beamed and they get a lower bound of 10
−15
 G in Mpc scales. 
The most common astrophysical explanation to the large scale magnetic field is the 
galactic dynamo. It requires a charged material rotating in the presence of a magnetic field which 
in turns is amplified as the rotating rate increases in the process of collapsing or differential 
rotation of the galaxies. It was Larmor (1919) who first proposed the same principle to explain 
the magnetic field of the Sun and Earth. It was then equally applied on the magnetic fields of 
galaxies by Parker (1971). Although this theory was controversial in galactic scale, some 
researchers suggested it for cluster of galaxies case as well.  
Regardless of all points raised against the galactic dynamo model, there are two challenging 
questions: What is the source of the first seed of magnetic fields? How to explain its presence in 
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the very low density intergalactic regions (voids) [52]? Some researchers still argue these 
questions and they think it could have some astrophysical origin, like the transport of magnetic 
energy from the void galaxies and bordering AGNs into the voids by Cosmic Rays, See Ref [77] 
and the references therein. Apart from those investigations, the concept of the relic origin of the 
magnetic fields is gaining more interest. In the next chapter, the simple inflation model of the 
PMF will be presented. 
 
4.6 Planck 2015 Constraints of PMF on CMB 
Very recently (Feb 2015), Planck released the second series of cosmological results based on 
data from the entire Planck mission [95]. These results include both temperature and polarization 
of CMB. The constraints of PMF on CMB are among the released results. As a matter of fact, 
PMF imprints on the CMB in several ways. It includes the direct induced modes on CMB 
perturbation (scalar, vector, and tensor) and the ionization history of the Universe. 
 The constraints released were based on the initial conditions of PMF imprints. These 
includes; inflationary modes which are the most relevant to this research but not discussed in 
Planck 2015, passive modes which are generated if PMF contributes to the metric perturbation 
before neutrino decoupling (𝑇𝜈 ≫ MeV), and compensated modes which are generated if PMF 
contributes to the metric perturbation after neutrino decoupling  (𝑇𝜈~MeV, t ~ s). 
The direct imprint of PMF on CMB can affect onto both temperature and polarization. 
The temperature correlation function of two points (power spectra) and higher order (bi-spectra, 
tri-spectra…) are presented in both passive and compensated modes. For example, the upper 
limit of passive modes of bi-spectra (non-Gaussianity analyses) at high 𝑙 of tensor perturbation 
is, 𝐵1Mpc < 2.8nG. However, the upper limits of compensated modes of power spectra (scalar, 
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vector, and tensor), are 𝐵1Mpc < 3.0nG for non-helical field, and 𝐵ℎ,1Mpc < 5.6nG, for helical 
field at 95% CL. Similarly the bi-spectra of high 𝑙 scalar modes is, 𝐵1Mpc < 2.97nG .  
On the other hand, the upper limit determined by Faraday rotation induced by PMF on 
CMB polarization is, 𝐵1Mpc < 1380nG. (at 70 GHz, low 𝑙<30). This calculation was based on 
the assumption that, the PMF was present in last scattering (𝑡~105𝑦𝑟 after Big Bang). Also, on 
the assumption that, EE-spectrum transforms to BB-spectrum as a result of Faraday rotation. The 
upper limit of PMF is larger than the other limit, but it only apply at low frequency and angular 
scale, 𝑙. Therefore, it is a weak constraint and even weaker than the same constraint imposed by 
WMAP before. 
Finally, the effect of PMF on ionization history of the Universe may modify CMB 
temperature and polarization power spectra, through energy dissipative effects. Considering this 
effect may result an upper limit for the scale invariant of PMF to be about  𝐵1Mpc < 0.67nG. All 
of the forgoing constraints do not favor any particular model of generating PMF. In conclusion, 
the upper limit of PMF constrained by Planck 2015 is of the order of a few nG.  
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CHAPTER FIVE: THE PMF GENERATED BY 𝒇𝟐𝑭𝑭 IN EXPONENTIAL INFLATION 
 
After detecting magnetic fields in the intergalactic low density region, the early universe models 
have gained more attraction. One can divide the early universe models of PMF into two types of 
models; inflation and post-inflation models. The second type is mainly based on the phase 
transitions and preheating eras. It is believed that there were two main phase transitions 
processes took place in the early universe before the recombination era. Those are the 
electroweak (EW) phase transition, at 𝑇EW~ 100GeV, and quantum chromodynamical (QCD) 
phase transition, at 𝑇QCD~ 200MeV [53, 66, 71]. However, the preheating era took place right 
after inflation and before the radiation dominated era. During the reheating, the field of inflation 
converted into particles. As a result of particles motion, the universe became very hot after 
super-cooling during inflation. This period can be divided into three stages: preheating, heating, 
and thermalisation.   
The early universe models of PMF are not free from problems especially post-inflation 
ones. For example, phase transitions can produce strong magnetic fields but in small scale which 
is much less than what is observed. On the other hand, in the reheating models the amplification 
of the PMF is strongly suppressed by the electric conductivity. That in turns produced magnetic 
field much less than the required strength. In addition, many uncertainties and complexities are 
associated with these models, see [53, 66, 71] and the references therein. If the existence of PMF 
is confirmed in all directions and redshifts of the universe, then there will be a fundamental 
problem, similar to the horizon problem of CMB. Hence, inflation models are the best alternative 
way. They are the main objective of this research. 
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Several models were proposed to produce PMF in the inflation era [53, 66, 71]. Almost 
all of these models show some way to amplify the initial magnetic field. Unless the initial seed of 
magnetic fields is amplified, the exponential expansion of the space time will ultimately dilute 
the magnetic field to a level, at which it will not be sufficient to seed the observed values of PMF 
with or without galactic dynamo. Therefore, finding ways to amplify the original magnetic field 
during inflation era is the main idea of these models. To do so, one has to either, modify the 
classical electrodynamics theory in a flat universe, use non-flat universe, or use modified gravity. 
All of these avenues were richly investigated; see [53, 66, 71] and the references therein. Since 
the recent data collected by WMAP [17] and Planck [78] has been supporting the flat universe, 
the first way gets more attraction.  
The model 𝑓2𝐹𝐹 at which a scalar field, like inflaton or dilaton, 𝜙, is coupled with a 
gauge vector field ,like electromagnetic vector potential, 𝐴𝜇, on a flat FRW universe is a one 
way to break the conformal symmetry. That in turns amplifies the PMF during inflation. Also, 
and as mentioned in chapter one, this model is stable under perturbation. For these reasons, we 
adopt this model in order to apply it on different inflationary models. We investigate its viability, 
the problems associate with, in the general homogenous and isotropic universe. In this chapter, 
this model will be investigated in the standard exponential inflationary potential. This is basically 
a reproducing of the results of Ref.[44]. In the next chapters, the same model will be investigated 
but in different inflationary models.                         
 
5.1 Scalar Fields Coupled to Vector Fields (𝒇𝟐𝑭𝑭) Inflationary Model of Generating PMF 
The starting point is a Lagrangian of a scalar (so-called inflaton) field 𝜙 coupled to the 
electromagnetic (vector) field 𝐴𝜇 [43-44]. It can be written as 
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ℒ = − √−𝑔 (
1
2
(𝜕𝜇𝜙)(𝜕
𝜇𝜙) + 𝑉(𝜙) +
1
4
𝑔𝛼𝛽𝑔𝜇𝜈𝑓2(𝜙)𝐹𝜇𝛼𝐹𝜈𝛽),         (5.1) 
where, 𝐹𝜈𝛽 = 𝜕𝜈𝐴𝛽 − 𝜕𝛽𝐴𝜈 is the electromagnetic field tensor, and 𝑔 is the determinant of the 
spacetime metric 𝑔𝜇𝜈. The first term in the Lagrangian is the standard kinetic part of the scalar 
field, and the second term, 𝑉(𝜙), is the potential, which decides the model of inflation. A 
Lagrangian of a pure electromagnetic field would be of the form −
1
4
𝐹𝜇𝜈𝐹
𝜇𝜈, but here we are 
coupling it to the scalar field through the unspecified function 𝑓(𝜙). Thus, the action of the 
system, 𝑆(𝜙, 𝐴, 𝜕𝜇𝜙, 𝑥
𝜇), can be written as, 
𝑆(𝜙, 𝐴, 𝜕𝜇𝜙, 𝑥
𝜇) = ∫ 𝑑4𝑥 ℒ(𝜙, 𝐴, 𝜕𝜇𝜙, 𝑥
𝜇)  = − ∫ 𝑑4𝑥√−𝑔 (
1
2
(𝜕𝜇𝜙)(𝜕
𝜇𝜙) + 𝑉(𝜙) +
1
4
𝑔𝛼𝛽𝑔𝜇𝜈𝑓2(𝜙, 𝑡)𝐹𝜇𝛼𝐹𝜈𝛽).         (5.2) 
Adopting the homogenous and isotropic space time, Friedmann-Robertson-Walker FRW 
metric, 𝑔𝜇𝜈, (2.4), at which the cosmological distances change as a function of time only. 
Writing the Euler-Lagrange equations with respect to scalar and vector fields gives, 
 ∂𝜏
𝜕ℒ
𝜕𝜏𝜙
−
𝜕ℒ
𝜕𝜙
= −
𝛿𝐿
𝛿𝜙
= 0 →
1
√−𝑔
𝜕
𝜕𝑥𝜇
[√−𝑔𝜕𝜇𝜙] −
𝑑𝑉(𝜙)
𝑑𝜙
=
1
2
𝑔𝛼𝛽𝑔𝜇𝜈𝑓
𝑑𝑓
𝑑𝜙
𝐹𝜇𝛼𝐹𝜈𝛽, (5.3) 
 ∂𝜏
𝜕ℒ
𝜕𝜏𝐴𝜏
−
𝜕ℒ
𝜕𝐴𝜏
= −
𝛿𝐿
𝛿𝐴𝜏
= 0 → 𝜕𝜇[√−𝑔𝑔
𝜇𝜈𝑔𝛼𝛽𝑓2(𝜙, 𝑡)𝐹𝜈𝛽] = 0.   (5.4) 
We use the same method of [44, 45]. At spatially flat space time (K = 0), (2.4) can be written as, 
𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇  𝑑𝑥𝜈 = −𝑑𝑡2 + 𝑎2(𝑡)𝑑𝑥2 = 𝑔′
𝜇𝜈
𝑑𝑥𝜇  𝑑𝑥𝜈 = −𝑎2(𝜂)(𝑑𝜂2 + 𝑑𝑥2),  (5.5)  
where, 𝜂 is the conformal time, 𝑑𝑡 = 𝑎(𝜂)𝑑𝜂,  √−𝑔 = 𝑎3(𝑡), √−𝑔′ = 𝑎4(𝜂), and 𝑔𝜇𝜈𝑔𝜇𝛽 =
𝛿𝛽
𝜈. In inflation era, at which the universe is mainly driven by the scalar field in the exponentially 
expansion manner, the electromagnetic fields are negligible compared with inflation field. Thus, 
we can solve (5.3) by neglecting the right hand side. It yields the scalar field equation of motion 
which is the same as (2.16),  
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   ?̈? + 3𝐻?̇? +
𝑑𝑉
𝑑𝜙
= 0,       (5.6) 
where, the single and double over dot respectively mean first and second derivative with respect 
to the cosmic time t, 𝐻(𝑡) =  
?̇?(𝑡)
𝑎(𝑡)
 , is the Hubble parameter or the rate at which the universe 
expands at arbitrary time. In the current time, as reported on nine year of WMAP, the Hubble 
constant,  𝐻0 ≈ 69.32 ±  0.80 kms
−1Mpc−1 [17], and 𝐻0 ≈ 67.3 ± 1.2 kms
−1Mpc−1 as 
reported by Planck [78]. 
In conformal time, (5.6) can be written as,  
   𝜙′′ + 2ℋ𝜙′ + 𝑎2
𝑑𝑉
𝑑𝜙
= 0,                 (5.7)  
where, 𝜙′ =
𝜕𝜙
𝜕𝜂
= 𝑎(𝜂)
𝜕𝜙
𝜕𝑡
=  𝑎(𝜂)?̇? , and ℋ =
𝑎′(𝜂)
𝑎(𝜂)
. Adopting Coulomb (radiation) gauge, 
𝜕𝑖𝐴
𝑖(𝑡, 𝑥) = 0, and charge-free condition 𝐴0(𝑡, 𝑥) = 0, then (5.4) becomes, 
   Ä𝑖(𝑡, 𝑥) + (𝐻 +
2?̇?
𝑓
) 𝐴𝑖̇ (𝑡, 𝑥) −  𝜕𝑗𝜕
𝑗𝐴𝑖(𝑡, 𝑥) = 0.             (5.8) 
In conformal time, 
   A𝑖
′′(𝜂, 𝑥) + 2
𝑓′
𝑓
A𝑖
′(𝜂, 𝑥) − 𝑎2(𝜂) 𝜕𝑗𝜕
𝑗A𝑖(𝜂, 𝑥) = 0.  (5.9) 
Define the function, A̅𝑖(𝜂, 𝑥) = 𝑓(𝜂)A𝑖(𝜂, 𝑥), Eq (5.8) can be written as, 
   A?̅?
′′
+
𝑓′′
𝑓
A̅𝑖 −  𝑎
2 𝜕𝑗𝜕
𝑗A̅𝑖(𝜂, 𝑥) = 0.                (5.10) 
If, 𝑓 = 1, then (5.10) becomes, 
   A?̅?
′′
−  𝑎2 𝜕𝑗𝜕
𝑗A̅𝑖 = 0 ,      (5.11) 
which is a simple harmonic oscillator.  
The quantization of A̅𝑖 can be written in terms of creation and annihilation operators, 𝑏
†
𝜆 
and 𝑏𝜆(𝑘), as, 
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 A̅𝑖(𝜂, 𝑥) = ∫
𝑑3𝑘
(2𝜋)3 2⁄
∑ 𝜀𝑖𝜆(𝑘)[𝑏𝜆(𝑘)𝒜(𝜂, 𝑘)𝑒
𝑖𝑘.𝑥2
𝜆=1 + 𝑏
†
𝜆(𝑘)𝒜
∗(𝜂, 𝑘)𝑒−𝑖𝑘.𝑥], (5.12) 
where, 𝜀𝑖𝜆 is the transverse polarization vector, and 𝑘 =
2𝜋
𝜆
, is the commoving wave number. A 
commoving frame (coordinates) is the frame that moves exactly with the cosmological flow of 
the universe (Hubble flow) without any peculiar velocity. According to the commoving observer 
in a FRW universe, the universe is perfectly isotropic.  
 The associate momentum conjugate to the gauge field, 𝐴𝑗(𝑡, 𝑥) can be defined as, 
   𝜋𝑖(𝜂, 𝑥) =
𝛿𝑆
𝛿𝐴′𝑖
= 𝑓2(𝜙) 𝑎2(𝑡) 𝑔𝑖𝑗 𝐴′𝑗(𝑡, 𝑥)    (5.13) 
The canonical commutation relation between 𝐴𝑖(𝑡, 𝑥) and 𝜋
𝑖(𝑡, 𝑥) is, 
[𝐴𝑖(𝜂, 𝒙), 𝜋
𝑖(𝜂, 𝒚)] = 𝑖 ∫
𝑑3𝒌
(2𝜋)3
𝑒𝑖𝒌.(𝒙−𝒚) (𝛿𝑗
𝑖 − 𝛿𝑗𝑙
𝑘𝑖𝑘𝑙
𝑘2
) =  𝑖𝛿⊥      𝑗
(3)𝑖 (𝒙 − 𝒚), (5.14) 
where, 𝛿⊥    𝑖𝑗
(3)
 is the transverse delta function which is consistent with Coulomb’s gauge. Using 
(5.10-14), the Wronskian of 𝐴𝑖(𝜂, 𝑘) will be, 
   ?̅?(𝜂, 𝑘) = [?̅??̅?′∗ − ?̅?∗?̅?′] =
𝑖
𝑓2
.     (5.15) 
Substituting of (5.12) into (5.10) gives, 
   𝒜′′(𝜂, 𝑘) + (𝑘2 −
𝑓′′
𝑓
) 𝒜(𝜂, 𝑘) = 0,     (5.16) 
where we have used 𝜕𝑗 = 𝑔𝑗𝑘𝜕𝑘 = (
𝛿𝑗𝑘
𝑎2
)𝜕𝑘. 
Therefore, one has to solve (5.16) for 𝒜(𝜂, 𝑘) in order to find the electromagnetic fields 
[46], 
   E𝜇 = 𝑢
𝜈𝐹𝜇𝜈 ,        B𝜇 =
1
2
𝜀𝜇𝜈𝜅𝜆𝑢
𝜆𝐹𝜈𝜅,     (5.17) 
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where, E𝜇 and B𝜇 are the electric and magnetic fields respectively. For a commoving observer 
with 4- velocity 𝑢𝜈 = (1, 0) in cosmic time t, the spatial parts of electric and magnetic fields are 
respectively,   
    E𝑖 = −?̇?𝑖,        B𝑖 =
1
𝑎
𝜀𝑖𝑗𝑘0𝜕𝑗𝐴𝑘,     (5.18) 
where, 𝜀𝜇𝜈𝜅𝜆  is a totally antisymmetric permutation tensor of space time. Similarly, the stress 
energy tensor can be written in terms of the action (5.2) [64], 
𝑇𝜇𝜈 = −
2
√−𝑔
𝛿𝑆
𝛿𝑔𝜇𝜈
= (𝜕𝜇𝜙)(𝜕𝜈𝜙) − 𝑓
2(𝜙, 𝑡)𝑔𝛼𝛽𝐹𝜇𝛼𝐹𝜈𝛽 −
1
4
𝑔𝜇𝜈𝑔
𝛼𝛽𝑔𝛾𝛿𝑓2(𝜙, 𝑡)𝐹𝛽𝛿𝐹𝛼𝛾. (5.19) 
For the magnetic field, we ignore the kinetic part (first term) because it does not contribute to the 
electromagnetic field. Then, 
   𝑇𝐵00 =
1
4
𝑎2𝑔𝑖𝑗𝑔𝑘𝑙𝑓2(𝜙, 𝑡)(𝜕𝑗𝐴𝑙 − 𝜕𝑙𝐴𝑗)(𝜕𝑖𝐴𝑘 − 𝜕𝑘𝐴𝑖).   (5.20) 
The energy density of the magnetic field, 𝜌𝐵  is found by taking the average of the component of 
the stress energy tensor. 
 𝜌𝐵(𝜂) =  −〈𝑇00
𝐵 〉 =
1
(2𝜋)3
∫ 𝑑3𝑘
1
4
𝑎2𝑔𝑖𝑗𝑔𝑘𝑙𝑓2(𝜙, 𝜂)(𝜕𝑗𝐴𝑙 − 𝜕𝑙𝐴𝑗)(𝜕𝑖𝐴𝑘 − 𝜕𝑘𝐴𝑖). (5.21) 
Finally, the spectrum of the magnetic field can be found by 
𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
, where k is the 
commoving wave number,  
   
𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
=
1
2𝜋2
(
𝑘
𝑎
)
4
𝑘|𝒜(𝜂, 𝑘)|2.      (5.22) 
Similarly, the spectrum of the electric field can be calculated by,  
   
𝑑𝜌𝐸
𝑑𝑙𝑛𝑘
=
𝑓2
2𝜋2
𝑘3
𝑎4
|[
𝒜(𝜂,𝑘)
𝑓
]
′
|
2
,      (5.23) 
where the prime is the derivative with respect to conformal time, 𝜂. Therefore, calculating 
𝒜(𝜂, 𝑘) is the main task in this research. Once it is obtained, then the rest of the results will be 
based on the form of 𝒜(𝜂, 𝑘) under different circumstances.    
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5.2 Short Wavelength Regime, 𝜆 ≪ 1 (inside Hubble radius) 
At a very short wave length (subhorizon), 𝑘2 ≫ 1, inside the particle horizon (Hubble radius = 
c/H). Hence, 𝑘2 dominates the second term of (5.16), 
   𝒜′′(𝜂, 𝑘) + 𝑘2𝒜(𝜂, 𝑘) = 0,      (5.24) 
The solution of (5.24) is the simple oscillator as the one in Minkowski space vacuum, 
   𝒜(𝜂, 𝑘) = 𝑐1(𝑘)𝑒
𝑖𝑘𝜂 + 𝑐2(𝑘)𝑒
−𝑖𝑘𝜂 ,     (5.25) 
where, 𝑐1(𝑘) and 𝑐2(𝑘) are the integration constants. It is similar to the pure electromagnetic 
condition at which,  𝑓(𝜙) = 1. Choosing the positive frequency as it is in Minkowski space 
vacuum state and from Wronskian (5.15), 𝑐2(𝑘) = 1 √2𝑘⁄ . Thus, one can write the solution, 
   𝒜𝑘≫1(𝜂, 𝑘) →
1
√2𝑘
𝑒−𝑖𝑘𝜂 ,      (5.26) 
Where, we used the limits (𝑡 → 0 as −𝑘𝜂 → ∞). 
 During exponential inflationary model, one can solve Einstein field equation analytically 
to get the exact solution of scale factor in conformal time as [44, 121], 
   𝑎(𝜂) = 𝑎0 |
𝜂
𝜂0
|
1+𝛽
,       (5.27) 
where, 𝑎0 and 𝜂0 are some initial values and, 𝛽, is the power of evolution. For example, for 
= −2 , one can achieve de Sitter space time evolution, 
    𝑎(𝑡) ∝ exp(𝐻𝑡).       (5.28) 
The inflation period in conformal time will lie in the period, −∞ < 𝜂 < 0.  Also, in this section 
and as done in Ref.[44], we adopt the power law form of coupling function, 
    𝑓 ∝  𝑎𝛼 → 𝑓(𝜙(𝜂)) ∝  (𝑎0  |
𝜂
𝜂0
|
1+𝛽
)
𝛼
=  𝑎0  |
𝜂
𝜂0
|
(1+𝛽)𝛼
= 𝑎0  |
𝜂
𝜂0
|
𝛾
 , (5.29) 
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where, 𝛾 = (1 + 𝛽)𝛼 in the exponential potential. In the next section, the more general form of 
coupling function will be derived. Hence from (5.22-23), the spectrum of magnetic and electric 
fields will respectively be, 
   
𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
(𝜂, 𝑘) =
𝑘5|
𝜂
η0
|
−4−4𝛽
4a0
4𝜋2|𝑘|
,      (5.30) 
   
𝑑𝜌𝐸
𝑑𝑙𝑛𝑘
(𝜂, 𝑘) =
𝑘3𝜂2𝛾|−
𝑒−𝑖𝑘𝜂𝛾𝜂−1−𝛾
√2√𝑘
−
𝑖𝑒−𝑖𝑘𝜂√𝑘𝜂−𝛾
√2
|
2
|
𝜂
η0
|
−4−4𝛽
2a0
4𝜋2
 .  (5.31) 
As the short wavelength is not the relevant one, the electromagnetic spectra (5.30-31) are not 
derived explicitly in [44]. We compute them for completeness. The shape of electric and 
magnetic spectra for short wave length for, 𝑎0 = 1, 𝜂0 = 1, and 𝛽 = −2 can be depicted in 
Fig.5.1. 
 
  
Fig.5.1. The magnetic and electric spectra, in the flat universe, K = 0, at the limit of (𝑘 ≫ 1, 𝑘 = 1000), for, 
−10 ≤ 𝜂 ≤ 10 and −10 < 𝛾 < 10 in electric field in (a) normal scale and (b) Log-Log scale. They have the same 
shape and magnitude, as we use the natural unit (c=1).  
 
The shape of electromagnetic spectrum in Fig.5.1 is similar to the spectrum of conformal 
(normal) electromagnetic wave, as if 𝑓 = 1. The magnetic and electric fields are of the same 
shape and magnitude, because of the unit we adopt (𝑐 = 1).   
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5.3 Long Wavelength Regime, 𝜆 ≫ 1 (outside Hubble radius) 
Long wavelength regime is the most relevant limit to PMF. As indicated in chapter 4, PMF is 
detected almost in all universal scales. Hence, the seed of PMF is most likely generated in the 
inflation era with a dimension larger than the Hubble horizon at that early time. So, the PMF can 
exit the horizon at some pivot point and re-enter the horizon later in radiation dominant or dark 
era of the universe. As a result, a scale invariant PMF can be detected in all scales of the 
Universe.  
In this limit, 𝑘2 ≪ 1, one has to decide the form of coupling function 𝑓(𝜙), and then 
look for the general solution of (5.16). In this regime, the scale of wavenumber is much higher 
than Hubble radius, ≪ 𝑎 𝐻 . By assuming the de Sitter expansion, (2.24), one can re-write the 
previous limit as, |𝑘 𝜂| ≪ 1. On the other hand, the form of coupling function directly depends 
on the potential of inflation 𝑉(𝜙). In this chapter, the simple power law of the coupling function 
(5.29) is used. However, in the next section, the more general form of 𝑓(𝜙), will be derived.     
By using the power law of scale factor, Eq.(5.27) , and adopting the form (5.29) for 
coupling function, Eq.(5.16) can be re-written as, 
   𝒜′′(𝜂, 𝑘) + (𝑘2 −
𝛾(𝛾−1)
𝜂2
) 𝒜(𝜂, 𝑘) = 0.              (5.32) 
It is a Bessel differential equation of a form [79], 
   
𝑑2𝑦
𝑑𝑥2
−
2𝛿−1
𝑥
𝑑𝑦
𝑑𝑥
+ (𝜎2𝜛2𝑥2𝜛−2 +
𝛿2−𝑛2𝜛2
𝑥2
) 𝑦 = 0.   (5.33) 
It has a general solution, which can be written as 
𝑦 = {
𝑥𝛿[𝐴 𝑱𝑛(𝛽 𝑥
𝜛) + 𝐵 𝒀𝑛(𝛽 𝑥
𝜛) ]                  for integer 𝑛,
𝑥𝛿[𝐴 𝑱𝑛(𝛽 𝑥
𝜛) + 𝐵 𝑱−𝑛(𝛽 𝑥
𝜛) ]         for noninteger 𝑛.
 (5.34) 
Comparing (5.32) and (5.33) implies 𝛿 =
1
2
, 𝜛 = 1, 𝜎 = 𝑘, and 𝑛 = 𝛾 −
1
2
. As 𝛾 can be any 
real value, the general solution of (5.32) can be written as, 
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𝒜(𝜂, 𝑘) = 𝜂1 2⁄ [𝐶′1(𝑘) 𝑱𝛾−1 2⁄ (𝑘𝜂) + 𝐶′2(𝑘) 𝑱−𝛾+1 2⁄ (𝑘𝜂)], (5.35) 
where the coefficients 𝐶′1(𝑘) and 𝐶′2(𝑘) are fixed by the initial conditions. Without losing the 
generality of the solution, (5.35) can be written as, 
𝒜(𝜂, 𝑘) = (𝑘𝜂)1 2⁄ [𝐶1(𝑘) 𝑱𝛾−1 2⁄ (𝑘𝜂) + 𝐶2(𝑘) 𝑱−𝛾+1 2⁄ (𝑘𝜂)]. (5.36) 
The shape of Bessel function is an oscillatory function, see Fig.5.2 which shows the shape of  𝑱𝛾, 
for 𝛾 = 0, 1 2⁄ , 1, … 5.   
 
Fig.5.2. The Bessel function of the first kind,  𝑱𝛾(𝑥),  for 𝛾 = 0, 1 2⁄ , 1, … 5. 
 
For example at ultraviolet regime (𝑘 ≫ 1), we can recover the solution (5.25) from (5.36) 
by using the asymptotic expansion of Bessel equation for 𝑘𝜂 → ∞, 
   lim𝑥→∞ 𝑱𝜈(𝑥)  →  √
2
𝜋𝑥
cos [𝑥 − (𝜈 +
1
2
)
𝜋
2
].    (5.37) 
So, (5.36) becomes, 
 𝒜𝑘≫1(𝜂, 𝑘) = (𝑘𝜂)
1 2⁄ [𝐶1(𝑘) √
2
𝜋𝑘𝜂
cos [𝑘𝜂 − 𝛾
𝜋
2
] + 𝐶2(𝑘) √
2
𝜋𝑘𝜂
cos [𝑘𝜂 − (1 − 𝛾)
𝜋
2
]]. (5.38) 
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The two constants can be fixed by using (5.25),  
𝐶1(𝑘) = √
𝜋
4𝑘
exp (−
𝑖𝜋𝛾
2
)
cos(𝜋𝛾)
  ; 𝐶2(𝑘) = √
𝜋
4𝑘
exp (
𝑖𝜋(𝛾+1)
2
)
cos(𝜋𝛾)
.  (5.39) 
 On the other hand, at long wavelength regime (𝑘 ≪ 1), using the asymptotic limit of 
Bessel, 
   lim𝑥→0 𝑱𝜈(𝑥)  →  
𝑥𝜈
2𝜈Γ(𝜈+1)
,      (5.40) 
and substituting it into (5.36) gives, 
𝒜𝑘≪1(𝜂, 𝑘) = (𝑘)
−1 2⁄ [𝑐1(𝛾) (−𝑘𝜂)
𝛾 + 𝑐2(𝛾)(−𝑘𝜂)
1−𝛾],  (5.41) 
where the constants of integration can be written as, 
   𝑐1(𝛾) =
√𝜋
2𝛾+1 2⁄
 
𝑒−𝑖𝜋𝛾 2⁄
Γ(𝛾+
1
2
) cos(𝜋𝛾)
, 
   𝑐2(𝛾) =
√𝜋
23 2⁄ −𝛾
 
𝑒−𝑖𝜋(𝛾+1) 2⁄
Γ(
3
2
−𝛾) cos(𝜋𝛾)
.      (5.42) 
From the denominators of the constants, we can notice that, 𝑐1(𝛾) dominates for 𝛾 ≤ 1 2⁄ , and 
𝑐2(𝛾)  dominates for  𝛾 ≥ 1 2⁄ . See the shape of 𝒜𝑘≪1(𝜂, 𝑘) in Fig.5.3.  
 
35 
 
 
Fig.5.3. The shape of vector potential, 𝒜(𝜂, 𝑘), in the flat universe, K = 0, at the limit of (𝑘 ≪ 1, 𝑘 = 0.001), for, 
−103 ≤ 𝜂 ≤ 103 and −10 < 𝛾 < 10.  
 
Another way to solve for 𝒜(𝜂, 𝑘) at long wave length is by taking 𝑘 → 0 in the original 
differential equation, (5.16). A direct integration implies, 
   𝒜(𝜂, 𝑘) = 𝑐1̅𝑓(𝜂) +  𝑐2̅𝑓(𝜂) ∫
𝑑𝜂
𝑓2(𝜂)
 .     (5.43) 
By using (5.29) and (5.27), one can get the same solution as (5.41).  
 Substituting of (5.41) into (5.22) gives the spectrum of magnetic field,  
   
𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
(𝜂, 𝑘) =
ℱ(𝑛)
2𝜋2
𝐻4 (
𝑘
𝑎𝐻
)
4+2𝑛
≈
ℱ(𝑛)
2𝜋2
𝐻4(−𝑘𝜂)4+2𝑛.  (5.44) 
The dimensionless function ℱ(𝑛) is defined by,  
   ℱ(𝑛) =
𝜋
22𝑛+1Γ2(𝑛+
1
2
)cos2(𝑛𝜋)
,      (5.45) 
where, 𝑛 = 𝛾 for 𝛾 ≤ 1/2 and 𝑛 = 1 − 𝛾 for 𝛾 ≤ 1/2. In a more explicit form, one can compute 
the magnetic spectrum by substituting (5.24) and (5.41-42) into (5.22) to obtain, 
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𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
(𝜂, 𝑘) =
𝑘5|
𝜂
𝜂0
|
−4−4𝛽
|
2
−
3
2
+𝛾
𝑒
1
2
𝑖𝜋(1−𝛾)
√𝜋(𝑘𝜂)1−𝛾Sec[𝜋(1−𝛾)]
√𝑘  Γ(
3
2
−𝛾)
+
2
−
1
2
−𝛾
𝑒
𝑖𝜋𝛾
2 √𝜋(𝑘𝜂)𝛾Sec[𝜋𝛾]
√𝑘  Γ(
1
2
+𝛾)
|
2
2𝑎0
4𝜋2
. (5.46) 
Similarly, by substituting of (5.41) into (5.23) and making use of the limit (5.40) and the 
relations, 
𝑱′𝜈(𝑥) =
1
2
(𝑱𝜈−1(𝑥) − 𝑱𝜈+1(𝑥)),     
 𝑱𝜈(𝑥) =
𝑥
2𝜈
(𝑱𝜈−1(𝑥) + 𝑱𝜈+1(𝑥)),       (5.47) 
one can write the spectrum of electric field in the similar form of (5.44) as, 
   
𝑑𝜌𝐸
𝑑𝑙𝑛𝑘
(𝜂, 𝑘) =
𝒢(𝑚)
2𝜋2
𝐻4 (
𝑘
𝑎𝐻
)
4+2𝑚
≈
𝒢(𝑚)
2𝜋2
𝐻4(−𝑘𝜂)4+2𝑚.  (5.48) 
The dimensionless function 𝒢(𝑚) is defined by,  
   𝒢(𝑚) =
𝜋
22𝑚+3Γ2(𝑚+
3
2
)cos2(𝑚𝜋)
,     (5.49) 
where, 𝑚 = 𝛾 + 1 for  𝛾 ≤ −1/2 and 𝑚 = −𝛾 for  𝛾 ≥ −1/2. Similarly, in a more explicit 
form, one can compute the electric spectrum by substituting (5.24) and (5.41-42) into (5.23) to 
obtain, 
𝑑𝜌𝐸
𝑑𝑙𝑛𝑘
(𝜂, 𝑘) =
1
2𝑎0
4𝜋2
𝑘3𝜂2𝛾 |
𝜂
𝜂0
|
−4−4𝛽
|
1
√𝑘
𝜂−𝛾
(2
−
3
2
+𝛾
𝑒
1
2
𝑖𝜋(1−𝛾)
𝑘√𝜋(1−𝛾)(𝑘𝜂)−𝛾Sec[𝜋(1−𝛾)])
Γ(
3
2
−𝛾)
+
2
−
1
2
−𝛾
𝑒
𝑖𝜋𝛾
2 𝑘√𝜋𝛾(𝑘𝜂)−1+𝛾Sec[𝜋𝛾]
Γ(
1
2
+𝛾)
) −
1
√𝑘
𝛾𝜂−1−𝛾(
2
−
3
2
+𝛾
𝑒
1
2
𝑖𝜋(1−𝛾)
√𝜋(𝑘𝜂)1−𝛾Sec[𝜋(1−𝛾)]
Γ(
3
2
−𝛾)
+
2
−
1
2
−𝛾
𝑒
𝑖𝜋𝛾
2 √𝜋(𝑘𝜂)𝛾Sec[𝜋𝛾]
Γ(
1
2
+𝛾)
)|
2
.          (5.50) 
 Assuming that the PMF is scale invariant, the magnetic spectrum should be constant, 
𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
= const. Also, since 𝐻 is almost constant during inflation, then from (5.44) and (5.48) one 
should take, 4 + 2𝑛 = 0. Therefore, power index 𝛾 = −2, 3. The magnetic fields spectra at 
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−5 < 𝛾 < 5 in the increment of 0.1 values are shown in Fig.5.4 based on (5.46). The 3D plot of 
(
𝑑𝜌𝐵
𝑑𝑙𝑛𝑘
−  𝑘 − 𝛾) shows that only 𝛾 = −2, 3 has flat spectra, see Fig.5.5. 
 
Fig.5.4. The magnetic spectra, in the flat universe, K = 0, at the limit of (𝑘 ≪ 1)  for the values −5 ≤ 𝛾 ≤ 5, in the 
increment of 0.1. The spectrum is constant at 𝛾 = −2, 3.    
 
Fig.5.5. The 3D plot of magnetic field spectra, in the flat universe, K = 0, at the limit of (𝑘 ≪ 1), for the values 
−5 ≤ 𝛾 ≤ 5 where it is clearly flat at 𝛾 = −2, 3.    
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  In contrast, the scale invariant of electric field spectrum leads to 4 + 2𝑚 = 0, implying 
that 𝛾 = −3, 2. In fact, this condition is not necessary as the electric field is not detected 
everywhere. Also, the magnitude of electric field decays in the reheating era, because at that time 
the universe becomes electrically conducting. The electric fields spectra at −5 < 𝛾 < 5 in the 
increment of 0.1 are shown in Fig.5.6.  
 
Fig.5.6. The electric field spectra, in the flat universe, K = 0, at the limit of (𝑘 ≪ 1)  for the values −5 ≤ 𝛾 ≤ 5, in 
the increment of 0.1. The spectra are constant at 𝛾 = −2, 3.    
 
Therefore, there is a mismatching between the values of 𝛾 leading to the scale invariant 
condition in magnetic and electric field. This inconsistency in some cases leads to the divergence 
of electric fields which causes that the energy of the electric field density become more than the 
energy density of the universe. That may spoil the inflation and cause the backreaction problem 
[44, 45].  
As a result, both electric and magnetic fields cannot be scale invariant in the same 𝛾. As 
argued by [44, 45] and can be seen from Fig.5.7, at 𝛾 = −2, the problem of backreaction may be 
avoided for 𝑘 ≪ 1 as the spectrum of magnetic field is much higher than that of electric field.  
 = -3, 2
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On the other hand, some researchers [40] argued that, with this index, 𝛾 = −2, 𝑓𝑖 =
𝑓 (
𝑎
𝑎𝑖
)
2
 , where 𝑓 → 1, at the end of inflation. Hence, it may cause a strong coupling between 
electromagnetic fields and charged matter at the beginning of inflation. If the electromagnetic 
field couples to charged matter, the physical charge associated with, is so huge at the onset of 
inflation. For example, for the number of e-folds of inflation, 60N  , the physical electric 
charges, 120q e  [40]. Such an incredibly huge charge creates another major problem to this 
model, the problem of strong coupling. This problem is an outstanding one associated with the 
𝑓2𝐹𝐹 model, regardless of the adopted inflationary model. It is not addresssed in this research. 
What we do is to investigate the problem of backreaction, which is most likely inflationary 
model dependent.       
  
    
Fig.5.7. The magnetic and electric at the limit of (𝑘 ≪ 1, 𝛾 = −2). It is clear that the spectrum of magnetic field is 
constant (scale invariant) in the small k limit and much greater than the electric field spectrum.   
E
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However, for 𝛾 = 3, the electric field diverges for 𝑘 ≪ 1. As shown in Fig.5.8, in this 
case the backreaction problem cannot be avoided. In the next chapter, the generation of PMF in a 
flat universe will be discussed in the context of the large field inflation LFI, which is among 
models favored by the first BICEP2 results [54].  
   
 
Fig.5.8. The magnetic and electric spectra in the limit of (𝑘 ≪ 1, 𝛾 = 3). It is clear that the spectrum of electric 
field is much greater than the magnetic field spectrum.   
     
 
5.4 The General Form of Coupling Function, 𝒇(𝝓)     
In this section, we derive the general relation between the coupling function, 𝑓(𝜙), and the form 
of an inflationary potential 𝑉(𝜙). Starting from the slow roll relations, (2.15) and (2.20) at which 
?̈? ≪  ?̇?. Then they can be written as,  
   3𝐻?̇? +
𝑑𝑉
𝑑𝜙
= 0,  𝐻 =
𝑉(𝜙)
3𝑀Pl
2    (5.51) 
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Using the definition of 𝐻 =
?̇?
𝑎
, one can combine (5.51) into 
   
𝑑𝜙
𝑑𝑡
= −
  𝑑𝑉
3𝐻𝑑𝜙
=
3𝑀Pl
2 
?̇?
𝑎
 𝑑𝑉
𝑉(𝜙)𝑑𝜙
 ,      (5.52) 
which can be re-written as,   
𝑑𝑎
𝑎
= −
1
3𝑀Pl
2  𝑉(𝜙) (
𝑑𝑉
𝑑𝜙
)
−1
𝑑𝜙.     (5.53) 
The scale factor, 𝑎(𝜙), can be written as a solution of (5.53) as 
(ln [𝑎])0
𝑎 = −
8𝜋𝐺
3
∫ 𝑉(𝜙) (
𝑑𝑉
𝑑𝜙
)
−1
𝑑𝜙
𝜙
0
.    (5.54) 
 Hence, 𝑎(𝜙), will be, 
𝑎(𝜙) = 𝑒𝑥𝑝 [−
1
3𝑀Pl
2 ∫
𝑉(𝜙)
𝑉′(𝜙)
𝑑𝜑
𝜙
0
].     (5.55) 
where, 𝑉′(𝜙) = 𝜕𝜙𝑉.  
Assuming that the relation between couplings function and scale factor is in the power 
form, 𝑓 ∝  𝑎𝛼. Thus, by using (5.55), the coupling function can be written as, 
𝑓(𝜙) ∝ 𝑒𝑥𝑝 [−𝛼
1
3𝑀Pl
2 ∫
𝑉(𝜙)
𝑉′(𝜙)
𝑑𝜙
𝜙
0
].     (5.56) 
The form (5.56) is more general and not necessary to be exactly of the same form as (5.29). Also, 
the index 𝛼 is free for the general form of inflationary potential, 𝑉(𝜙). It can be constrained 
from observations, see section 3.2 of Ref.[44]. Furthermore, the relation, 𝛾 = (1 + 𝛽)𝛼, is no 
longer exactly the same as in the exponential inflationary model. Later on, whenever we refer to 
the value 𝛾, it is only to decide the scale invariance property of PMF from Eq.(5.44). However, 
the dominant factor is the index of the Bessel solution, 𝑛, in (5.34). It will be denoted as, 𝜒 in the 
next chapters. Therefore, in the next three chapters we will use (5.56) to define the coupling 
function in the context of LFI, NI and 𝑅2-inflation.  
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CHAPTER SIX: THE PMF GENERATED BY 𝒇𝟐𝑭𝑭 IN LARGE FIELD INFLATION  
Equation Chapter 6 Section 1 
The interpretations as primordial gravitational waves of the detected signals of BICEP2 are most 
likely disproved by the latest results of Planck/Keck BICEP2 (PKB) 2015 [94]. Also, the 
constraints of inflationary models by Planck 2015 [96] favored the standard and old models that 
generally lead to low value of tensor to scalar ratio, r. However, we started this research before 
2015, under the motivation of the first results of BICEP2 and fortunately we did not restrict the 
investigation on the constraints of BICEP2 only. Therefore, in this chapter an investigation of the 
PMF generated by 2f FF  under LFI in general limits of inflation. Furthermore, the latest results 
announced in Feb 2015 are not needed to be employed and do not modify the main results of this 
research.     
The tensor to scalar ratio reported by the first BICEP2 results is 

0.07
0.050.2r , with 0r  
disfavored at 7.0 . Also, the scale of inflation energy is close to the Grand Unified Theory GUT 
scale,  1/4 16GUT ~10 GeV .  As a matter of fact, tensor perturbation directly indicates the energy 
scale of inflation [21]. According to Planck (2013) [56], the upper bound on the tensor-to-scalar 
ratio is 0.11r  at 95% CL ( 0.12r   at 95% CL, PKB 2015) and the scalar spectral index was 
constrained by Planck to be  0.9603 0.0073sn  ( 0.968 0.006sn   , Planck 2015). Many 
inflationary models, including simple models supported by WMAP9 and Planck were 
inconsistent with first interpretation of BICEP2 detection [57-58]. The diagram of 0.002 sr n
relation drawn from BICEP2 and Planck 2013 in combination with other data sets compared to 
the theoretical predictions of selected inflationary models is shown in Fig.6.1 [56, 58].  
Based on BICEP2 results, over 190 models of inflation [81] had been classified into 111 
strongly disfavored models, 24 inconclusive models, and some good models [58]. Therefore, 
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non-standard models, such as Large Field Inflation (LFI) [59], Natural Inflation (NI) [60-61] 
models had been favored by the BICEP2 results and for short period of time had gained more 
interest. We investigated the generating of PMF in natural inflation in [92]. As a result of raising 
the scale of inflation energy to GUT scale, the large field potentials, at which  0 0V  , are 
favored and the plateau inflation potentials at which  0 0V   are disfavored [58]. 
 
 
Fig.6.1: The constraints of inflation for different models as shown in  𝑟0.002 − 𝑛𝑠 diagram drawn from BICEP2 and 
Planck in combination with other data sets compared to the theoretical predictions of selected inflationary models. 
Courtesy, Planck 2013 Collaboration [56].   
 
In Sep 2014, Planck released the angular power spectrum of polarized dust emission at 
intermediate and high galactic latitudes [89]. The detection frequency of Planck (353 GHz) is 
different than that of BICEP2 (150 GHz). But in these results, they extrapolated the power 
spectrum to the same frequency. Also they observed the same patch of sky at high Galactic 
latitude, which was observed by BICEP2, at low multipoles 40 < l < 120.  
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These results of Planck indicate that there is a significant contamination by dust over 
most of the high Galactic latitude sky in the same region where BICEP2 detected B-mode 
polarization. Consequently, there is a good chance that the source of the observations reported by 
BICEP2 is all galactic dust and not of primordial origin. This problem was anticipated by [90]. 
The results of the present investigation can be considered, in a way, as conflicting with the 
BICEP2 results. 
In this chapter, the simple inflation model, 2f FF , of PMF will be investigated in detail 
under the large field inflation LFI, for all possible values of the model parameter, p , in the same 
way as done in [44]. The potential of LFI can be written [59, 81] as, 
  


 
  
 
4
Pl
p
V M
M
, (6.1)  
where, p  is the model parameter and M is the normalization of the potential. The value of M is 
constrained from the amplitude of CMB anisotropies to be, 3 Pl3 10M M
  [81].  
The order of this chapter will be as follows, in section 6.1, the slow roll inflation 
formulation will be presented for both simple de Sitter model of expansion and the more general 
power expansion. In section 6.2, the PMF and associated electric fields spectra will be computed 
for LFI at some interesting values of p . In section 6.3, a summary and discussion of the results 
will be presented. 
 
6.1 Sow Roll Analysis of LFI 
The slow roll parameters of inflation in terms of the potential of a single field inflation for LFI 
can be written [55] as  
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  
2 2
2 2
1 Pl Pl
1 1
2 2
V
V p
M M
V


   
    
  
, (6.2)  
  
 2 2
2 Pl Pl 2
1
V
V p p
M M
V


 
  
 
. (6.3)  
They also, can be written in terms of the Hubble parameter, 
    
2
2 2
1 Pl 2 Pl,     2 2H H
H H
M M
H H
  
   
    
   
. (6.4)  
The relation between the two formalisms [55] can be written as 
 
2
2
1 1
1
3
3
H
V H
H
 
  
 
. (6.5)   
All of the above parameters are assumed to be very small during the slow roll inflation,
1 2 1 2,  ,  , )( 1V V H H . Further, inflation ends when, the values of 1 1 ,  )( 1V H  . In the first 
order of approximation, one can neglect 1H  and 2H  comparing with the number 3 in (6.5), 
obtaining 1 1V H . Therefore, using (6.4) and the relation between the cosmic, t , and the 
conformal time,  ,   dt a d , one can write the relation between conformal time and slow 
roll parameter, 1H , as [55], 
 1
2
1 H da
aH a H
     . (6.6)  
Recall that 
2( ) ( )/ ( )H a a    in (6.6), where ( ) /a da d   . Assuming, 1H const , and 
then integrating (6.6) yields the power law expansion of the universe during inflation, 
 
11
0( )
Ha l 
 
 .  (6.7) 
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where, 0l  is integration constant.  
On the other hand, in the simplest form of inflationary expansion (de Sitter), the universe 
expands exponentially during inflation at a very high but constant rate, iH , 
  consti
a
H
a
, (6.8)  
      1  exp ia t a t H t , (6.9)  
where, 1t , is the start time of inflation. We use iH with subscript i to denote the constant 
expansion rate in the case of de Sitter expansion. Thus in a conformal time, Eq.(6.9) can be 
written as, 
  
1
1
   i
a
H c


 

 , (6.10) 
where, 1c , is the integration constant. Plugging (6.10) into the relation between cosmic and 
conformal time and integrating implies that  ,  0    as  0,  t  . Thus, if 0  , then 
  a  and 1 0c . Therefore, we can write      1/  ia H . 
Also, the relation between slow roll parameters and the scalar power spectrum amplitude,
sA , the tensor power spectrum amplitude, tA , the scalar spectral index, sn , and tensor-to-scalar 
ratio, r , can be written as follows [55],  
 
2 4
Pl 124
s
V
V
A
M
 , (6.11)  
 


2 4
Pl
2
3
t
V
A
M
 , (6.12) 
47 
 
 1 21 6 2s V Vn    , (6.13) 
 116
t
V
s
A
r
A
  . (6.14)  
Using LFI potential (6.1) into (6.2)-(6.3) yields 
 
2
Pl 2
(2 1)
1 ,s
p p
n M


   (6.15) 
 


2
2
Pl 2
8  
p
r M  , (6.16) 
One can find the relation between r  and sn which depends on the number of e-folds of 
inflation, N. The first order of approximation for N can be written as,  
 
2
2 2
Pl Pl1
1 1
  ~
2 2  
f
V
N d
M M p



  , (6.17)  
where, , is the initial field and f  is the field at the end of inflation. In (6.17), we have adopted 
BICEP2 constraint, (6.23), at which f  . Solving for   from (6.17) and plugging it into 
(6.15)-(6.16) yields 
 
4 2 1
2 
s
p p
r n
N N
 
 
 
. (6.18)  
The relation (6.18) fits Fig.6.1, in a good precision. For BICEP2 constraints, 0.15 0.27r  , at 
0.960sn  , we have, 2.62 4.57p   for 70N  , 2.24 3.92p   for 60N  , and 
1.86 3.26p   for 50N  . However, for BK/Planck, we have 0.12r   see Fig.6.2.  
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Fig.6.2. The limits of LFI parameter, p, based on the constraint of BICEP2, 0.15 0.27r  , and BKP 2015, 
0.12r   as shown in, p r  at 0.960
s
n  , which is favored by Planck.  
 
Shortly after the onset of inflation the value of H  becomes very high and is 
approximately constant, but later on it decreases as the value of the field changes. We use the 
supscript i in the Hubble parameter during inflation, iH . For the zeroth approximation, we can 
consider iH  as a constant, after the first few e-foldings. That is basically the de Sitter expansion, 
which is exactly exponential expansion as described by (6.9). Also, after few *N , the spacetime 
(pivot scale, *k ) exits from the Hubble horizon. In this research, we adopt Planck, 2015 pivot 
scale, 1* 0.05Mpck
 , and in most of the cases we use the upper limit of Hubble parameter in 
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the inflationary era, 5 Pl3.6 10iH M
 , [96]. So, it is worthwhile to investigate both cases; the 
de Sitter, and the more realistic power law model described by (6.7).  
 
6.1.1 LFI on the de Sitter Expansion   
In fact, de Sitter model is only zeroth order approximation which does not have graceful exit 
from inflation [91]. But it can be assumed as a valid way of expansion during most of the 
inflationary era. In conformal time,  , Eq. (2.17) can be written as, 
 
 



1
'
3 i
V
a H
, (6.19) 
where, /d d    . Substituting of (6.1) and (6.10) into (6.19) and integrating both sides yields, 
 
 
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Pl
 
 p p i
d M d
p M H
. (6.20)  
 By solving (6.20) for    , we have two different solutions, 
      
  
  
 
4
2 2
Pl
42
23
2 2
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H M
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i
M c
H
H M
,  2p , (6.21) 
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1/ 2
4
22
Pl
2 2
ln
3
p
ip
i
p pM
H c
H M
,   2p , (6.22) 
where, 2c , is the integration constant. Adopting BICEP2 favored model, at which the inflation 
potential vanishes at the end of inflation,  f ,  
            1
p
f fV . (6.23)  
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Hence, for 2p , we have the limit, 
 
2 2
Pl
2 4
3
2
iH Mc
M
 . (6.24) 
However, for 2p , we have the limit, 
  2 ln i fc H , (6.25)  
and for 2p , we have the limit, 
 
 
2
Pl
2 4
3
2 2
p
iH Mc
p pM
. (6.26)  
On the other hand, if we do not adopt (6.23), then we can solve for 2c that leads to a scale 
invariance condition of PMF. Both cases, at which BICEP2 constraint is adopted and not 
adopted, will be studied in section 6.2 to derive the coupling function  f   and then to solve 
equation of motion for the electromagnetic field, A . 
 
6.1.2 LFI on the Power Law Expansion   
To have a more optimal slow roll analysis that has a smooth exit from inflation, the Hubble 
parameter can be written as a function of ( )  , ( )H  . If the field falls below a certain value, it 
starts to oscillate and then converts to particles in the reheating era, right after inflation. The 
expansion of space-time during inflation can be described by the power law. Thus, plugging 
(6.2) into (6.7) yields 
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51 
 
Solving for   from (6.17) and then substituting it into (6.27) gives, 
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Substituting of (6.28) into (2.17) yields, 
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Again, the solution of (6.29) will be     and depends on the model parameter, p. We 
have two different cases; 2p , and 2p . 
In the case of 2p , one can write the solution of (6.29) as, 
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where, 2c is the integration constant. Adopting (6.23) yields ( ) 1end  , and 2 1c , where 
1end  .  
However, for 2p , the solution of (6.29) will be, 
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. (6.31) 
By adopting (6.23), for 2p , the integration constant, 2 1c . However, for 2p  , the 
integration constant will be, 
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, (6.32)  
Relaxing (6.23) and choosing the values of 2c , that implies the scale invariance of PMF, will be 
investigated in the next section.  
 
6.2 The PMF Generated in LFI Model     
This subject was investigated in [44], their result is that the LFI do not lead to sensible model 
building. We use the same method used in the last chapter, but with LFI potential, to investigate 
the generation of PMF for all possible values of p . Substituting of (6.1) into (5.56) gives, 
   
2
2
Pl
  
6 
f D exp
M p
 
 
 
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 
, (6.33)  
where, D, is a coupling constant. Substituting (6.33) into (5.16) gives,  
            2, , 0k k Y k , (6.34)  
where the function  
f
Y
f
 

. We solve (6.34) in two models of inflationary expansion. In 
simple de Sitter model of expansion (6.9), and in the power law expansion (6.7).  
 
6.2.1 The PMF Generated in LFI in a Simple de Sitter Model     
Applying de Sitter approximation was used by Ref.[40] to investigate PMF. One can investigate 
PMF under de Sitter model by substituting (6.21)-(6.22) into (6.34), and apply the limits (6.24)-
(6.26) for the selected values of model parameter, p.  
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For  , which is the most interesting value, because it fits well with both spectrum 
index, sn  detected by Planck [56], and r value reported by BICEP2 [54]. Also, it is the closest 
case to the standard inflationary models. Substituting of (6.21) into (6.33) and (6.34) yields,  
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Since 3 Pl3 10M M
  and 5 Pl3.6 10iH M
 , hence, 
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Therefore, (6.34) becomes, 
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The solution of (6.37) is a Bessel function [79]. Its solution with the initial condition, 
 0  , 0k  , will be similar to (5.36). This initial condition insures that the electromagnetic 
field will ultimately goes to zero, as t . Hence,   ,k , can be written as, 
            
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where,   can be written as, 
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54 
 
Using both (6.24) and (6.36), one can write, 1/2 . Compare it with (5.36), implies that it is 
similar to the case of  0 . Hence, it cannot generate a scale invariant PMF.  
In order to find the electric field spectra, one can substitute from (6.21) into (6.33), to get, 
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. (6.40)  
Employing (6.24), the exponent of (6.40) will be so small, hence,   f D . Hence, the plot of 
the spectra of both PMF and electrical field shows that they are of the same order at low value of 
k, and diverge at relatively high k , see Fig.6.3.  
 
 
Fig.6.3. The magnetic and electric spectra, generated under LFI model in the simple de Sitter expansion, and by 
considering the constraint, (0) 0V  , where,   2p  ,  1k  , and 1 / 2  which is similar to the case of  =0  
in the exponential inflationary potential. The electromagnetic spectra are of the same order at low value of k . In the 
plot, we assume, 
5
Pl
3.6 10
i
H M

   and use Planck pivot scale, 20   . In this case the spectra are not scale 
invariant and for the observable scale, k , they are less than the energy of inflation, 
Inf
 .  
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 If we relax the limits (6.24) and (6.36), and choose 2c  to enforce 5/2  , which is the 
case at which PMF is scale invariant. We have, 
 
2 2 8 4
Pl Pl
2 4 8 2
3 486
ln
8
i iM H M Hc
M M 
 
   
 
. (6.41)  
Substituting from (6.41) into (6.40) to find the coupling function, and use it to plot the 
electromagnetic spectra on the same method, see Fig.6.4. It shows that a scale invariant PMF can 
be achieved without a backreaction problem as long as 
7 -18 10 Mpck  .  However, the electric 
spectra can go over the scale of the inflation, Inf , for 
7 -18 10 Mpck  . Hence, the 
backreaction problem still exists at extremely very low values of k . In the above calculation, we 
use 2   , 5 Pl3.6 10iH M
   , 3 Pl3 10M M
   and Pl( , ) 1M D  . 
 
 
Fig.6.4. The magnetic and electric spectra, generated under LFI model, in the simple de Sitter expansion, with, 
2p  , 1k  , and 5 / 2   which is similar to the case of ( 2,3)    in the exponential inflationary potential. 
The electric spectra can go over the scale of the inflation, 
Inf
  , for 
7 -1
8 10 Mpck

 . However, the backreaction 
problem can be avoided for 
7 -1
8 10 Mpck

 . In the plot, we use, 20   , 2  , 
5
Pl
3.6 10
i
H M

  , 
3
Pl
3 10M M

   and 
Pl
( , ) 1M D  .   
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On the other hand, plotting the spectra versus the Hubble rate iH  shows that changing 
that rate will change both magnetic and electric field almost in the same manner, see Fig.6.5. 
However, for 3 Pl1.3 10iH M
 , the electric energy can go over the Inf  which causes the 
backreaction problem. The value 3 Pl~1.3 10iH M
  is well above the upper bound of iH  
reported by Planck ( 5 Pl3.6 10 M
 ). 
 
 
Fig.6.5. The magnetic and electric spectra, generated under LFI model, in the simple de Sitter expansion, as a 
function of 
i
H , with 2,  1p k  , and 5 / 2   which is similar to the case of ( 2,3)    in the exponential 
inflationary potential. They both change in the same manner. For 
3
Pl
1.3 10
i
H M

  , the electric energy can go over 
the 
Inf
  which causes the backreaction problem. But the value 
3
Pl
~ 1.3 10
i
H M

  is well above the upper bound of 
i
H  reported by Planck (
5
Pl
3.6 10 M

 ). In the plot, we use, 
3 1
10 Mk pc
 
 , 20   , 2  , 
5
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3.6 10
i
H M

  , 
3
Pl
3 10M M

   and 
Pl
( , ) 1M D  .   
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Similarly, plotting electromagnetic spectra as function of the parameter, M , shows that 
the backreaction problem can be avoided if 5 Pl8.5 10M M
 , see Fig.6.6. It is well below  
3
Pl3 10 M
 , the value calculated by the amplitude of CMB.  
  
 
Fig.6.6. The magnetic and electric spectra and inflationary density of energy 
Inf
 , generated under LFI model, in the 
simple de Sitter expansion, with, 2,  1p k , and 5 / 2   ,which is similar to the case of ( 2,3)    in the 
exponential inflationary potential, as a function of M . The electromagnetic spectra are independent of M. For 
5
Pl
8.5 10M M

 , the electric energy can go below the 
Inf
  which avoid the backreaction problem. But the value 
5
Pl
8.5 10M M

  is well below the one calculated from the amplitude of CMB, 
3
Pl
3 10M M

  . In the plot, we 
use, 
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 
 , 20   , 2  , 
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H M
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As a result of the foregoing discussion, one can conclude that a scale invariant PMF 
cannot be generated in LFI, for 2p  , in the limit, (0) 0V  , which was the now-discredited 
BICEP2 favored shape of inflationary potential. However, a scale invariant PMF can be 
58 
 
generated if we relax that limit. Also, the backreaction problem can be avoided under some 
conditions which fit with some observable scales of k .              
For , there are some interesting cases, such as, 1,  2/3p . These are shown in 
Fig.6.1. Thus, following the same way as done in the previous subsection, one has to substitute 
(6.22) into (6.33) and (6.34). In this case, 
  
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 
 
  . (6.42)  
Using limits, (6.25), (6.36), and the fact that,   ln / f C , since both,   , 1f . Hence, 
substituting (6.42) into (6.34), yields that, 
            
1/2
1 2,   k k C k k C k k       J J , (6.43)  
where,   can be written as, 
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 . (6.44) 
Employing the limit (6.36), the second term under the square root will vanish and the 
value of (6.44), reduces to 1/2 . Therefore, PMF cannot be scale invariant when it is 
generated in LFI for 2p , in (0) 0V  , limit. In order to calculate the electric spectrum, one has 
to fix,  f , from (6.33), 
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 , (6.45) 
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which is approximately constant. Therefore, one expects to get the same magnetic and electric 
spectra as shown in Fig.6.3. Similarly, if we relax the BICEP2 limits and enforce, 5/2   to 
get scale invariant PMF, then we expect to have a backreaction problem similar to the case of 
2p .   
For , there are some interesting cases, like, 3,  4p . In the case of 3p , Eq.(6.18) 
gives the tensor to scalar ratio, 0.204r  at 60N  and 0.960sn , which fits very well with 
BICEP2 results, as shown in Fig.6.1. However, for 4p , the tensor to scalar ratio 0.276r  at 
60N  and 0.960sn , which is on the upper limit of the BICEP2 range, See Fig.6.2. The main 
problem with higher order model is that they are not bounded from below, so their expansion 
does not converge [56]. Also, there is a constraint imposed by WMAP7, at which 2.2p  at 95% 
of confidence [17]. 
In order to investigate PMF for, 2p  , one has to substitute (6.22) into (6.33) and (6.34) 
and employing limit (6.26). In this case, we can neglect,  ln iH  comparison with 2c . Hence, 
we end up with the same equation as (6.42). Therefore, we expect to have the same magnetic and 
electric spectra manner as in the case of 2p . As a result, a scale invariant PMF is not expected 
to be generated in LFI by the simple inflation model 
2f FF in a de Sitter model of expansion 
unless, we choose the integration constant which enforces the scale invariance condition for 
PMF. Thus, the problems of backreaction is expected at extremely low values of k  and M  and 
very high values of iH . However, it can be avoided for some values of k , M   and iH  that fit 
with observations. 
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Finally, plotting the electromagnetic spectra as a function of p , in the case of 5/2  , 
for the de Sitter way of inflationary expansion, at the adopted values of model parameters shows 
that the electromagnetic energy always much less than that of inflation, Inf , see Fig.6.7. 
 
  
Fig.6.7. The magnetic and electric spectra, generated under LFI model, in the simple de Sitter expansion, as a 
function of p , but ( 2p  ). The electromagnetic spectra always less than the scale of inflation, 
Inf
 . In the plot, we 
use, 
3 1
10 Mk pc
 
 , 20   , 2  , 
5
Pl
3.6 10
i
H M

  , 
3
Pl
3.0 10M M

  , and 
Pl
( , ) 1M D  . 
 
 
6.2.2 The PMF Generated in LFI in the Power Law Model of Expansion     
The power law model is more optimal and realistic description of the expansion of space time 
during inflation. It leads to a graceful exit from inflation. As done in [44] but in more general 
form, (6.27), for LFI, one can either adopt the limit, (6.32), or solve for 2c  to have a scale 
invariant PMF for a selected interesting values of model parameter, p.  
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For, , if we substitute (6.30) into (6.33) and (6.34), for 1  , we have, 
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 . (6.46) 
For a relatively large, 50N  , one can assume, 
1
1 1
N
  . Without this approximation, the 
solution of (6.34) is not generally in a closed form. With this assumption, the solution will be 
Bessel function with, 
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. (6.47)  
If we adopt the limit, (6.23), then 2 1c  and 1/2 . Therefore, PMF is not scale invariant in 
this condition. It is similar condition to de Sitter case when we adopt BICEP2 result. The 
magnetic and electric spectra will be similar to Fig.6.3.  
However, if we choose 2c  to have the scale invariance condition, 5/2  , the coupling 
function can be written as, 
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where, D, is a coupling constant. As we can see from (5.22-23), the electromagnetic spectra do 
not depend on D. In this case the magnetic and electric spectra are shown in Fig.6.8. This is 
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similar to the de Sitter case, Fig.6.4, but with one order of magnitude higher value of comoving 
wavenumber, (
6 1~ 4 10k Mpc  ) under which the backreaction problem may occur. 
 
 
Fig.6.8. The magnetic and electric spectra, generated under LFI model, in the power law (PL) expansion, with, 
2p , 1k  and 5 / 2   ,which is similar to the case of ( 2,3)    in the exponential inflationary potential. 
The electric spectra can go over the scale of the inflation, 
Inf
 , for 
6 -1
4 10 Mpck

 . However, the backreaction 
problem can be avoided for 
6 -1
4 10 Mpck

 . In the plot, we use, 20   , 2  , 
5
0 Pl
1 / (3.6 10 )l M

  , 
3
Pl
3 10M M

   and 
Pl
( , ) 1M D  .       
 
Calculating the spectra versus the e-folding number N , shows that the electric field can 
drop less than Inf  for 51N  , see Fig.6.9. It fits with the reported values of N  to end of 
inflation, by Planck, 2015 [96]. 
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Fig.6.9. The magnetic and electric spectra and inflationary density of energy 
Inf
 , generated under LFI model, in the 
PL expansion, with, 2,  1p k  and 5 / 2   ,which is similar to the case of ( 2,3)    in the exponential 
inflationary potential, as a function ofN . For 51N , the electric energy can go below the 
Inf
  which avoids the 
backreaction problem. It also fits with the reported rang of N  by Planck. In this plot, we use, 
3 1
10 Mk pc
 
 , 
20   , 2  , 
5
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1 / (3.6 10 )l M

  , 
3
Pl
3 10M M

  , and 
Pl
( , ) 1M D  .   
 
 The same is true for the electromagnetic spectra as a function of the parameter 0l , the 
electric field energy falls below Inf  for 
5 1
0 Pl3 10l M
  , see Fig.6.10. Since 0 1/ il H , then 
that value is corresponding to 6 Pl~3.3 10iH M
  which is less than the upper bound, 
5
Pl3.6 10iH M
 .   
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Fig.6.10. The magnetic and electric spectra and inflationary density of energy 
Inf
 , generated under LFI model, in 
the PL expansion, with, 2,  1p k , and 5 / 2   ,which is similar to the case of ( 2,3)    in the exponential 
inflationary potential, as a function of 
0
l . For 
5 1 6
0 Pl Pl
3 10 ( )3.3 10
i
l M H M
 
  , the electric energy can go 
below the 
Inf
  which avoid the backreaction problem. It also fits with the upper bound of 
i
H  reported by Planck. In 
this plot, we use, 
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
 , 20   , 2  , 
3
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For , in this case we substitute (6.31) into (6.33) and (6.34), and use the fact that 
1 to yield, 
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 .  (6.49) 
Adopting, (6.23) and implies that the integration constant, 2 1c . Assuming that, 2 2
p
N
    , 
for 0 3p  , and 50N  , hence from (6.43), 
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 Since, 4 8
2 0, 1 c l M , then 1/2 . Thus, a scale invariant PMF cannot be generated under the 
limit (6.23). The magnetic and electric field spectra will be similar to Fig.6.3. 
 For  , we substitute (6.31) into (6.33) and (6.34), and use the fact that 
4 8
0 1l M , 
and 1end  . By means of (6.32), we have (6.49). Also, since 2p  , we end up with, 
1/2 . Again, a scale invariant PMF cannot be generated under the BICEP2 favored 
inflationary model.  
 Similarly, for 2p  , if we enforce the scale invariance condition of PMF at which, 
5/2  , and substitute it into (6.31) to find the coupling function, ( )f  , and in turn the 
magnetic and electric fields spectra. They all show the backreaction problem at some ranges. 
Plotting the electromagnetic spectra as a function of p , for 2p  , is shown in Fig.6.11. As a 
result, the backreaction problem can be avoided in the range  1.66,2.03p , for the range, 
50 70N  . In fact, it is much easier in this case to solve for   rather than 2c , and then 
substitute into (6.33) to find the coupling function.   
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Fig.6.11. The electromagnetic spectra and inflationary density of energy 
Inf
 , generated under LFI model, in the PL 
expansion, with, 1k , and 5 / 2   ,which is similar to the case of ( 2,3)    in the exponential inflationary 
potential, as a function of p , 2p  . The electromagnetic spectra falls below 
Inf
  on the range, 
1.66 2.03 ( 2)p p  , for the interesting values of N . Hence, the backreaction problem can be avoided on this 
range. In this plot, we use, 
3 1
10 Mk pc
 
 , 20    , 2   , 
3
Pl
3 10M M

   , 
2
1c  , and 
Pl
( ,  ) 1M D  . 
 
Plotting the electromagnetic spectra as a function of M  shows that the backreaction 
problem can be avoided for, 3 Pl2.8 10M M
 , see Fig.6.12. This value is consistent with 
observational value calculated from the amplitude of CMB anisotropies, 3 Pl3.0 10M M
  [81]. 
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Fig.6.12. The electromagnetic spectra and inflationary density of energy 
Inf
 , generated under LFI model, in the PL 
expansion, with, 1k , and 5 / 2   ,which is similar to the case of ( 2,3)    in the exponential inflationary 
potential, as a function of M . The electromagnetic spectra falls below 
Inf
  for, 
3
Pl
2.8 10M M

 , for the 
interesting values of N . Hence, the backreaction problem can be avoided on this range. In this plot, we use, 
3 1
10 Mk pc
 
  , 20   , 2   , 2p  , 
2
1c  , and 
Pl
( ,  ) 1M D  . 
 
 
Finally, plotting the electromagnetic spectra as a function of the integration constant, 2c  
shows that the backreaction problem can be avoided for 2 1c  , see Fig.6.13, for the expansion 
of 50N  .   
68 
 
 
Fig.6.13. The electromagnetic spectra and inflationary density of energy 
Inf
 , generated under LFI model, in the PL 
expansion, with, 1k , and 5 / 2   ,which is similar to the case of ( 2,3)    in the exponential inflationary 
potential, as a function of integration constant 
2
c  . The electromagnetic spectra falls below 
Inf
  for, 
2
1c  , and 
50N  . Hence, the backreaction problem can be avoided on this range. In this plot, we use, 
3 1
10 Mk pc
 
 , 
20   , 2   , 2p , 
3
Pl
3 10M M

   , and 
Pl
( ,  ) 1M D  . 
 
 
6.3 Summary and Discussion of the PMF Generated in LFI       
PMFs can be generated in the simple model with gauge invariant coupling 
2f FF , in the standard 
models of inflation. It requires a breaking of the conformal symmetry of the electromagnetism. 
In this chapter, we used the same method of [44] to investigate the PMF in the context of LFI 
model. In [44], it was shown that LFI is not a good model to generate a scale invariant PMF, 
because the coupling function needed, is too complicated to be justified.  
 
2 
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In this chapter, we do an analysis for all reasonable values of p  , iH  , N  , 0l  , M  , and 2c . Also, 
we solve for the complicated coupling function. We first present the slow roll analysis of the 
LFI, and derive the, sr n  relation. We then investigate the PMF generated in the context of LFI 
by both de Sitter expansion, Eq.(6.10), and the power law expansion, Eq.(6.7).  
The de Sitter expansion is used as an approximation at the onset of inflation [40]. After 
investigating the PMF in LFI, outside Hubble radius, ( 1k ), in de Sitter expansion, the main 
results of this research are that the PMF can in principle be generated in the LFI model in all 
values of the argument, p. However, for the shape of the inflationary model favored by the 
BICEP2 results (6.23), the scale invariant PMF cannot be achieved by LFI. Furthermore, in this 
case, the generated electric field spectrum is in the same order of the PMF’s, see Fig.6.3. 
On the other hand, for the general limit, one can enforce the condition, 5/2  , to 
generate a scale invariant PMF. Although, the energy of the electric field increases excessively 
and becomes much greater than the energy of PMF at ( 1k ), the electromagnetic energy falls 
below the energy of inflation, Inf  at some observable scales, k . For example, the backreaction 
problem can be avoided for 
7 -18 10 Mpck   and 6 -14 10 Mpck   in de Sitter and power law 
expansion respectively. Thus, one can avoid the backreaction problem under some circumstances 
of LFI model.  
Similarly, computing the electromagnetic spectra as a function of p  , iH  , N  , 0l  , M  , 
and 2c , shows that the electromagnetic spectra can fall below Inf  at certain ranges. Under de 
Sitter expansion, the backreaction problem can be avoided on the ranges, 3 Pl1.3 10iH M
  , and 
5
Pl8.5 10M M
  . However, under the power law of expansion, it can be avoided on the ranges, 
51N , 1.66p , 2.03p , 5 1 60 Pl Pl3 10 ( )3.3 10il M H M
   , 3 Pl2.8 10M M
  , and 
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2 1c  . Interestingly enough, all of the above ranges fit with the observational constraints. 
Beyond these ranges, the backreaction problem is more likely to occur. In these cases, the results 
of this research provide more arguments against the simple gauge invariant coupling 
2f FF , as 
way of generating PMF.   
 Therefore, the results of this chapter is consistent with investigating PMF in the natural 
inflation NI [93], and 2R -inflation [97], at which, the backreaction problem can be avoided 
under certain parameters of the models.  
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CHAPTER SEVEN: THE PMF GENERATED BY 𝒇𝟐𝑭𝑭 IN NATURAL INFLATION 
Equation Chapter 7 Section 1 
In this chapter, the simple inflation model,
2f FF , of PMF will be investigated under the simplest 
version of natural inflation NI, in the same way as done under large field inflation in the last 
chapter. The potential of Natural Iinflation NI can be written [61, 81] as, 
   4 1 cos( )V



 
   
 
, (7.1)  
where   is fixed by CMB normalization of the potential, and   is the mass scale of the model. 
Since Eq.(7.1) is a periodic, even function of  , one can study the potential in the interval 
[0,  ]  [81]. In order to reach the GUT scale of inflation ( 15 1610 10 GeV ), (as would follow 
from the BICEP2 results), the mass scale has to be of the order of PlM  and 
3
Pl10GUTM M
 [61].  
The order of this chapter will be as follows. In section 7.1, the slow roll inflation 
formulation will be presented for both the simple de Sitter model of expansion and the more 
general, power law expansion in the context of NI. In section 7.2, the PMF and associated 
electric fields are computed for NI at different values of the parameters. In the last section, we 
summarize and discuss the results.   
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7.1 Slow Roll Analysis of NI 
Defining the slow roll parameters of inflation in terms of the potential [55], of a single inflation 
field for NI, 
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where   Pl/M . If 0 ( = )V    , then  1 2,V V  . Hence, one needs to avoid this value 
of the field in this model. Also, the slow roll parameters can be written in terms of the Hubble 
parameter as Eq.(6.4) and the relation between the two formalisms, as Eq.(6.5). Inflation ends 
when  1 1V   , then from Eq.(7.2), 
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If  1,end  then 1end , or 
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 , where, n = integer. 
Also, from the relations between the slow roll parameters and the scalar spectral index, sn
, (6.13) and tensor-to-scalar ratio, r , (6.16), one can write the relations,  
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Similarly, the first order of approximation for N, can be written [55] as,  
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where N is the difference between the final e-fold and the e-fold at t. Solving for   in (7.7), 
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Substituting end  from (7.4) into (7.8),  
 
2
2
2
4
 arccos 1 exp( / )
1 2
N

  

  
   
  
 . (7.9) 
From (7.9),   changes as a function of N . Hence, both of them are functions of time. Now, 
combine (7.5) and (7.6), 
 
2
2
2
8 1
1 sec sin( )/ 1 cos( )
3 2
sr n
  
   
     
        
     
. (7.10)  
Substituting (7.9) into (7.10), one can plot  sr n  for different values of  and N at the end of 
inflation, see Fig.7.1. [81]. In this figure,  f  stands for   in the text. 
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Fig.7.1. The natural inflation NI, the solid blue curves for,  0.8,  0.9, 1, and 2  , and  46,  60N as shown in  
𝑟0.05 − 𝑛𝑠 diagram, which is drawn from Planck+WMAP+ACT+SPT. Here f stands for  in the text. Courtesy, [81].    
 
7.1.1  NI on de Sitter Expansion   
Again, the de Sitter model can be used as an approximation at the early stages of inflation. Thus, 
substituting of (7.1) and (6.10) into (6.19) and then integrating both sides yields, 
 
2
4
 csc( )  
3 i
d
d
H
 
 
 

 . (7.11)  
Solving for    , 
  
4
2 23
22 arctan[  ]iHc    


 , (7.12) 
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where 2c  is the integration constant and iH stand for the rate of expansion during inflation. 
Adopting the BICEP2 preferred model, where the inflation potential is very small at the end of 
inflation, end ,  
  
4
2 24 3
21 cos(2arctan[  ]) 1iHend endV c  

 
   
 
, (7.13)  
Hence, the argument of cos should be  . Thus, the integration constant has to be   
 
4
2 23
2 i
H
endc 

 . (7.14) 
The form (7.12) and the limit (7.14) will be used to derive the coupling function,  f , and then 
calculate the electromagnetic spectra in the de Sitter model approximation, in the next section. 
 
7.1.2 NI on a Power Law Expansion   
For more optimal slow roll analysis that has a smooth exit from inflation, inflation can be 
described by the power law expansion. Thus, plugging (7.2) and (7.9) into (6.7), yields 
 
2
2
1 sin( )
1 cos( )2
1
0( )a l

  
 
 




 , (7.15) 
where, 
2
2
2
4
=arccos 1 exp( / )
1 2
N

 

  
   
  
. The Hubble parameter is then 
 
2
2
2
2 1 sin( )
1 cos( )2
2
0
1 sin( )
2 1 c
(1 )
( os( ))
( )
( )
a
H
a l







 

 
  
 
 
 
 


   .  (7.16) 
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For 50N  , and 2  , we have 0  . Then we end up with 
1
0( )a l 

 , and H const , 
which is the same as the de Sitter model. In fact, that is a good approximation for most of the 
inflationary era. However, to end inflation,  1 1 1,V H  , hence, H const  at very last e-
foldings, before the end of inflation.  
 However, in more general solution, one can substitute (7.15) and (7.16) into (7.17) and 
solve for  , to yield 
  
2
2 22 2e 2 2e2 2
2 2
2
2 2 2 4
0
2
2 2
e 2 2e
2 arctan[  exp ]
6 1 e 2 2e
N N
N N
N N
l
c
  
 
 
  
  
  

 
 
  
    
 
    
  
     
  
 
,  (7.18) 
where, 2c is the integration constant.  Adopting BICEP2 constraint, ( ( )) 1endV   , implies that, 
 
2
2 22 2e 2 2e2 2
2 2
2
2 2 2 4
0
2
2 2
e 2 2e
 exp
6 1 e 2 2e
N N
N N
N N
l
c
  
 
 
  
  

 
 
  
    
 
  
 
  
     
  
 
 . (7.19) 
Using (7.18) and (7.19) we can derive the coupling function, , but it is very complicated 
and actually not needed, as the simple de Sitter approximation is sufficient to investigate PMF 
under NI. 
  
 f
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7.2 The PMF Generated in the NI Model     
The electromagnetic spectra can be calculated by using the same method we used in the previous 
chapter but with NI potential. Therefore, we need first to define the coupling function,  f  , in 
order to solve for the electromagnetic vector field, A . Substituting of (7.1) into (5.56) gives, 
   
2
2
Pl
2
3( )
  sin
2
M
f D

 
 

 
  
 
, (7.20)  
where, D, is a coupling constant. Substituting into (5.16) gives,  
       2, , 0k k Y k     , (7.21)  
where,  
f
Y
f
 

, which can be calculated, by fixing ( )   in Eq.(7.20).  
Since the power law expansion approaches de Sitter for relatively high  (>50)N , as 
shown from (7.15) and (7.16), in this section, we will solve (7.21) in a simple de Sitter model of 
expansion. However, using (7.18) to find  f   explicitly yields a very complicated  Y  , and 
an analytical solution of (7.21) cannot be found. However, we can safely use de Sitter expansion.           
The de Sitter approximation was used by [40] to investigate PMF. One can investigate 
PMF under de Sitter model by substituting (7.12) into (7.20) and (7.21). Hence, 
 
   
4 4
2 2 2 2
4
2 2
2 2
2
3 34 2 2 2 2 4 2 2 2 4
2 Pl Pl
2
2
32 4 4 2
Pl 2
2 3 3 2 9 2
81
i i
i
H H
i i
H
i
c M H H M
f
Y
f
H M c
 

    

 
 
 


 
      
 
  
 
 
 
 
.(7.22) 
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By using the limit (7.14) and the facts that, ( ,  ) 1end   , PlM , 
3
Pl10GUTM M
 [61] 
and the upper limit of 5 Pl3.7 10iH M
  at 95% CL [56], then 
4
2 2
2
1
3 iH

. Thus,  Y can be 
written as,  
  
 2 4 2 2 4
2 4 2 2
Pl 2
6 3 2
81
i
i
H
Y
H M c
 


   
 . (7.23)  
Substituting (7.23) into (7.21), 
  
 
 
2 4 2 2 4
2
2 4 2 2
Pl 2
6 3 2
, , 0
81
i
i
H
k k k
H M c
 
 

   
   
 

 
 . (7.24)  
Eq.(7.24) is a Bessel differential equation. Its solution with the initial condition,  0 ,  0k  , 
will be similar to (5.36). Hence,   ,k , can be written [79] as 
            
1/2
1 2,   k k C k k C k k       J J   
where,   is given by 
 
 2 2 4 8
2 2 4 2
2 Pl
8 3 2
27
6 3
i
i
H
c H M
 


  

 . (7.25)  
Adopting BICEP2 limit (7.14), implies that 1/2   , which is comparable with,  = 0 , in 
exponential potential. As the form of  f   in (7.20) is different than (5.29), the implication of 
the value    on the expansion in NI is different than the implication of   in exponential 
potential. Therefore, a scale invariant PMF cannot be generated in NI under simple de Sitter 
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model of inflation, if the BICEP2 favored model of potential is adopted. Calculating the 
electromagnetic spectra shows that, they are almost of the same order of magnitude, at 1k , 
see Fig.7.2. 
 
Fig.7.2. The electromagnetic spectra and the inflationary energy density, Inf , in NI at 1 / 2    (  = 0 , in 
exponential potential), 
Pl
 = 20,  1M    , 
Pl
3 5
10 ,  3.6 10 ,   = 2,  and  = 1
i
H M D
 
    . The spectrum of 
electric field is of the same order of magnitude as the spectrum of the magnetic field for 1k . At relatively high 
k , they start diverging from each other. However, the energy density of inflation generated by NI, 
Inf
  is much 
larger than the electromagnetic energy density. 
  
On the other hand, if the BICEP2 limit is relaxed and the scale invariance condition is 
enforced, 
1 5/2   (compared with  = +3, -2 , in exponential potential) , then 2c  becomes 
 
 

4
Pl
2 2 2
1
27
 
iH M
c  . (7.26) 
The coupling function can be written as,  
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  
2
4 2
Pl
2 2
2
34
3
2 2
Pl
 
 sin arctan  
1
 
27
i
f
M
H f
i
f
H
D
M


 

    
  
  
  . (7.27) 
The electric and magnetic spectra in this case can be seen in Fig.7.3. We can see that at 
extremely long wavelength ( 1k ), the electric field spectrum far exceeds that of the magnetic 
field and the energy density of the inflation which is generated by NI and the energy of inflation 
Inf . It may cause the backreaction problem. However for 
7 -1
min 8.0 10 Mpck
 , the 
electromagnetic energy can go below that of inflation. Most of the observable scale is above mink
. That range of k  includes most of the observable scales according to Planck, 2015. For example, 
it includes the standard pivot scale, 1* 0.05Mpck
 . Further, it includes some of the cut-off 
scale, 1ln( /Mpc ) [ 12, 3]ck
    , chosen by Planck, 2015 [97]. Therefore, the backreaction 
problem might be avoided in generating PMF by the 
2f FF  model in NI, under de Sitter 
expansion for min 1k k   . 
Likewise, plotting the electromagnetic spectra as a function of the Hubble parameter iH , 
shows that the electric field is always greater than the magnetic field and can exceed the energy 
of inflation for 3min Pl1.25 10H M
 .(See Fig.7.4). This value is well above the upper limit of 
the Hubble parameter, obtain by Planck, 2015, 5 Pl3.6 10iH M
 . Hence, this model can be free 
from the backreaction problem.    
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Fig.7.3. The electromagnetic spectra and the inflationary energy density,  
Inf
 , in NI model at 5 / 2    (
 = = -2, 3 , in exponential potential), 
Pl
 = 20,  1M    , 
Pl
3 5
10 ,  3.6 10 ,   = 2,  and  = 1
i
H M D
 
    . The 
spectrum of electric field is much greater than the spectrum of magnetic field for extremely low, 1k . For 
7 -1
min
8.0 10 Mpck

 , the electromagnetic energy density can go below that of inflation. Hence, the backreaction 
problem might be avoided for 
min
1k k   . 
 
 
Similarly, plotting energy density of inflation and the electromagnetic spectra as a 
function of   clearly shows that the backreaction problem can be avoided for the possible 
values (See Fig.7.5). The value   plays an effective role in the characteristics of the natural 
inflation and its implications. For example, in the case of 1 , the natural inflation behaves 
like quadratic inflation, see Fig.7.1 [61].    
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Fig.7.4. The electromagnetic spectra and the inflationary energy density,  
Inf
  in NI model function of  
i
H  at 
5/ 2   , (  = = -2, 3 , in exponential potential) 
Pl
 = 20,  1M    , 
13 3
10 ,  10 Mpc ,   = 2
i
k 
 
    and 
D=1. The spectrum of electric field is always much greater than the spectrum of magnetic field and can exceed the 
energy of inflation for 
3
min Pl
1.25 10H M

 . This value is well above the upper limit of the Hubble parameter, 
obtained by Planck, 2015, 
5
Pl
3.6 10
i
H M

 . Below 
min
H , all electromagnetic spectra will be less than 
Inf
 . 
Hence, that might avoid the backreaction problem. 
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Fig.7.5. The electromagnetic spectra and the inflationary energy density,  
Inf
 , in NI model as a function of 
Pl
/M   at 5 / 2   , (  = = -2, 3 , in exponential potential), 
2 3
10 ,  10 ,   2       , 
Pl
5
3.6 10
i
H M

 
, and 1D  . The spectrum of electric field is always much greater than the spectrum of magnetic field for 1k . 
However, both electric and magnetic spectra are much less than 
Inf
 . The value   plays an effective role in the 
characteristics of the natural inflation and its implications.  
 
 
 
Finally, one can analyze the shape of the electromagnetic spectra as a function of  . As 
seen in Fig.7.6, there is a narrow range of   ( Pl~0.00874M ), at which the electric fields can 
even fall below the magnetic field. In order to decide the range of k  for which the electric field 
energy is less than the magnetic fields, one can plot the electromagnetic spectra as a function of 
k , as in Fig.7.7. The range is 3 12.53 10 Mpck   , for  1k , around 1min ~0.0173Mpck
 . As 
we choose 19Pl 1( 1 10 GeV)M    , the appropriate values of   is in the order of 
16
GUT ~10 GeVM  that fits with the results of Ref.[61]. 
 
84 
 
 
Fig.7.6. The electromagnetic spectra and the inflationary energy density,  
Inf
 , in NI, as a function of   at 
5 / 2   , (  = = -2, 3 , in exponential potential), 
Pl
20,  1,    2 ,  1 M D        , and 
3 1
10 Mpck
 
 . The 
spectrum of electric field falls below the spectrum of magnetic field around 
Pl
0.00874M  . However, both of 
them are much less than 
Inf
  , which may avoid the backreaction problem. 
 
 
On the other hand, the range of k  includes most of the observable scales according to 
Planck, 2015. For example, it includes the standard pivot scale, 1* 0.05Mpck
 . Further, it 
includes some of the cut-off scale, 1ln( /Mpc ) [ 12, 3]ck
    , chosen by Planck, 2015 [97]. 
However, the relatively narrow range of k  at which magnetic spectrum is higher than electric 
spectrum, may cause serious challenge to this model. This is so because after sufficient number 
of e-foldings the wave number may go below 
3 110 Mpck   . 
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Fig.7.7. The electromagnetic spectra and the inflationary energy density, 
Inf
 , in NI as a function of k  at at 
5/ 2   , (  = = -2, 3 , in exponential potential), 
Pl
20,  1,    2 , 1 M D       , and 
Pl
0.00874M  . 
The spectrum of electric field falls below the spectrum of magnetic field on the range of, 
3 1
2.53 10 Mpck
 
 , at 
which the backreaction problem can be avoided. 
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7.4 Summary and Discussion of the PMF Generated in NI 
In this chapter, we used the same method of [44, 92] to investigate the PMF in natural inflation, 
NI. We first presented the slow roll analysis of the NI, and derived the,  sr n  relation. Unlike 
the large field inflation [92], for sufficiently large e-folding number, 50N  , the power law 
expansion can lead to the same result as the simple de Sitter model of expansion in NI.  
 We find that PMFs can in principle be generated in the NI model for all values of 
Pl/M  . Under (0) 0V   model of inflation, the scale invariant PMF is unlikely to be 
generated in the context of NI. That is similar to the case in the context of LFI [92]. However, if 
this constraint is relaxed, a scale invariant PMF can be achieved in NI. In this case, the 
magnitude of the PMF spectrum, at extremely low 1k  is much smaller than the spectrum of 
the associated electric field. In comparison with the inflationary energy density,  Inf , in NI and 
the upper bound of the energy density of inflation derived from WMAP7, 
  10 4end PlCMB 2.789 10 M
  [109], the energy of the electric field may exceed the energy scale 
of inflation at 
7 -18.0 10 Mpck   and 3 Pl1.25 10 MiH
 . That may prevent inflation from 
occurring at all. This is the problem of backreaction. One can conclude that for small enough 
value of k , this problem cannot be avoided in the 2f FF  model under natural inflation. 
 On the other hand for 
7 -18.0 10 Mpck    and 3 Pl1.25 10 MiH
 , both electric and 
magnetic energy densities can fall below the inflationary energy density. In this case, one can 
consider these values as, respectively, a lower bound of k  and an upper bound of iH  for a 
backreaction-free model of PMF.  Moreover, these scales include most of the observable ranges 
of k  and iH . 
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Furthermore, there is a range of min Pl(~0.00874 )M , and 
3 12.53 10 Mpck   , at 
which the energy density of the electric field can even fall below the energy density of the 
magnetic field. Again these values lie on the observable range of k  and the anticipated scale of 
 . Therefore, the problem of backreaction can be avoided easily in these ranges of values. Also, 
in this range, one does need the huge amount of conductivity needed to suppress the electric field 
in reheating era, which comes after the inflation. However, the relatively short range of k , 
presents a serious challenge to the viability of this model. One way to extend this research is to 
include the effect of reheating era and then to calculate the present value of PMF generated in NI 
as we do in the context of 2R -inflation [93]. 
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CHAPTER EIGHT: THE PMF GENERATED BY 𝒇𝟐𝑭𝑭 IN 2R -INFLATION AFTER 
PLACNK 2015  
Equation Chapter 8 Section 1 
Very recently, the joint analysis of BICEP2/Keck Array and Planck (BKP) data was released on 
Feb 2015. The joint data of three probes eliminates the effect of dust contamination and shows 
that the upper limit of tensor to scalar ration, 0.05 0.12r   at 95% CL, and the gravitational lensing 
B-modes (not the primordial tensor) are detected in 7 [94]. Similarly, the inflationary models 
are constrained based on the new analysis of data. The scalar spectral index was constrained by 
Planck, 2015 to be 0.9682 0.0062sn   [96]. As a result, the more standard inflationary models, 
like 
2R -inflation, which result low value of r , are the most favored ones. However, the chaotic 
inflationary models like large field inflation (LFI) and natural inflation (NI) are disfavored. 
These results ruled out the first results of BICEP2, 2014 [54].  
In this chapter, the simple model,
2f FF , of PMF will be investigated in the context of 2R
-inflation, in the same way we did for NI and LFI, in the last two chapters [92-93]. Further, we 
will constrain the reheating parameters under the same inflationary by using the reported upper 
limit of PMF by Planck, 2015 [95]. Also, the present PMF will be constrained based on the scale 
invariant magnetic field generated during inflationary era [97]. 
2R -inflation was first proposed by Starobinsky in 1980 [2]. It is called 2R -inflation 
because, its action in Jordan frame, can be written as, 
 
2 2
Pl
matter22 6
M R
S g R S

 
     
 
 , (8.1)  
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where the parameter,  , is fixed by the normalization of the amplitude of scalar perturbation. 
However, the above action can be transformed into the Einstein frame by using the conformal 
symmetry of the metric, Pl
2/3 /e Mg g  . The new action in the Einstein frame becomes, 
 
2
Pl
matter
1
( )
2 2
M
S g R V S  
 
        
 
  . (8.2) 
The potential ( )V   can be written [98-99] as,  
    
2
4
Pl1 exp 2/3 /V M M 
   
 
, (8.3)  
where, M  is the amplitude of the potential and it can be determined by the amplitude of CMB 
anisotropies. It can be constrained as 5 Pl4.0 10M M
  [81]. In Eq.(8.3) and throughout this 
chapter, we assume PlM .     
 The order of this chapter will be as follows, in the next section 8.1, the slow roll inflation 
formulation is presented for both de Sitter and power law expansion in the context of 
2R -
inflation. In section 8.2, the PMF and associated electric fields are computed in the same model 
of inflation. The constraining of reheating parameters in 
2R -inflation and by using the reported 
upper limit of PMF is discussed in section 8.3. In section 8.4, the present PMF is constrained 
based on the magnetogensis, computed in the second section. Finally in 8.5, we summarize and 
discuss the results of the chapter.  
 
8.1 Slow Roll Analysis of 
2R -Inflation 
The slow roll parameters, see Eq.(7.2)-(7.3), of inflation in terms of the potential, (8.3), of the 
2R -inflation, can be written as [55, 81], 
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  
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, (8.4)  
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. (8.6) 
As emphasized before, all parameters are assumed to be very small during the slow roll inflation,
1 2 3,   ) 1( ,V V V . Also, inflation ends when, their values reach unity. In that case we have, 
end Pl Pl Pl0.94 ,  1.83 ,  1.51M M M , for 1V , 2V , and 3V at the end of inflation. Therefore, the first 
value will be used to avoid violating the slow roll condition. 
 Similarly, the scalar spectral index, sn , and tensor-to-scalar ratio, r , can be written as 
follows [81],  
 Pl
2 2 22
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1 2
Pl Pl
4 4
1 6 2 1 8 e csch 1 csch
3 6
1
3 6
M
s V Vn
M M

 

     
         
         
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

 
 . (8.8)  
One can find the relation between r  and sn which depends on the number of e-folds of inflation, 
N. The first order of approximation for N can be written as,  
 
end
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Pl Pl1
( ) 1 1 3 2
ln   exp
( ) 2 4 3i
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N d
a M M


 


  
      
   
 , (8.9)  
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where, , is the initial field and 
end  is the field at the end of inflation. Solving for   from (8.9), 
 endPl
4( )3
ln
2 3
N N
M
 
 
 
,  (8.10) 
where, 
endN  is the number of e-folds at the end of inflation, we have assumed end  . For 
simplicity, we will denote end( )N N N  . Hence, plugging (8.10) into (8.7)-(8.8) yields, 
 
 
2
192
3 4 64s
r
N n N 
. (8.11)  
The relation (8.11) is drawn for some interesting values of N in Fig.8.1. The values of r, are well 
below the limit of BKP, 2015 ( 0.12r  ). Eq.(8.11) has no singularity for interesting values of N 
and the observed value of sn .   
  
 
Fig.8.1. The sr n  relation in R
2 –inflation, for 50,60,64N  , and 68. All values of Nr at 0.968sn , are well 
below the upper limit of r (< 0.12) by BKP, 2015.  
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8.2 The Electromagnetic Spectra Generated in R
2
-Inflation 
As assumed in the last two chapters, the relation between the coupling function and the scale 
factor is of the power law form [44],      f a , where,   is free index to be determined later 
from the shape of the electromagnetic spectra. Also,   has different physical implications for 
different inflationary potentials. So, there is no unique relation between  and power index of 
expansion,  ,  in all models of inflation. Substituting (8.10) into (8.3) and then into (5.56) yields 
the coupling function as a function of N for R
2
-Inflation, 
  
4
3
4
 e
3
NN
f N D



 
      
 
, (8.12) 
where, D is a coupling constant. Substituting (8.12) into (5.16) gives,  
            2, , 0k k Y k , (8.13)  
where the function  
f
Y
f
 

. Hence, we need to write the derivative in terms of e-folds 
number, N , which has different forms in the case of de Sitter and power law. In the next two 
sections, the electromagnetic spectra are calculated for both de Sitter and power law expansion.    
 
8.2.1 Inflationary Electromagnetic Spectra in de Sitter Expansion 
For the zeroth approximation and after the first few e-foldings, we can consider H as a constant 
ratio. The i subscript is omitted in H in this chapter to avoid confusing it with the reheating 
Hubble parameters in the next section. The de Sitter expansion is exactly exponential expansion 
as described by (6.9). In fact, de Sitter model does not have graceful exit from inflation [91]. But 
it can be assumed as a valid approximation on most parts of the inflation.  
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Assuming, ( ) constia   , and substituting of ( ) 1/a H   into (8.9) and 
differentiating both sides twice, yields that, 2( ) ( )NNf f N  
   . Therefore, the function 
 Y   can be written as,    
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2 2
3 4 36
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 


  
  . (8.14)  
Also, the logarithmic relation between N  and   makes the variation in N  very small compared 
with the variation in  . Hence, we assume that N  is quasi-constant and it may be considered as 
an independent function of   explicitly in Eq.(8.13), ( )N N  . So, plugging (8.14) into (8.13), 
yields,  
            
1/2
1 2,   k k C k k C k k       J J , (8.15)  
where,  k J , is the Bessel function of the first kind, and the argument of the function,  
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  . (8.16) 
The relevant PMF is obtained in the long wavelength regime, 1k  (outside Hubble 
radius). In this limit, Eq.(8.15) can be written as [44], 
          
1 1
1/2
2 2
1 1 2,  k k k D k D k
 
    
   
  
 
.  (8.17) 
The constants,  1 D   and  2D  , can be fixed by using the normalization of  ,  k  and the 
other limit,  1 ,  2
k
k k e k
  . Thus, they can be written as 
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By substituting (8.17) into (5.22)-(5.23), we get the spectra of the magnetic and electric fields. If 
the PMF is scale invariant, then the magnetic spectrum should be constant, which could be 
achieved at 5/2  . This value can only be obtained around { 7.44,  7.44}    in the range of 
interesting values of N, see Fig.8.2. 
 
 
Fig.8.2. The N   relation, at ( , ) 5 / 2N   , the case at which we can generate the scale invariant PMF, 
7.44  .   
 
Although these values of  are too high, which may exceed dynamo limit in the case of 
exponential inflationary model [44], we adopt the positive value, 7.44  . In the last section of 
this chapter, we will discuss this point. So, let us assume it is valid at this point and use it to 
(N, ) = 5/2
Power Law
de Sitter
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N
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investigate the electromagnetic spectra generated by 
2f FF  for long wavelength approximation (
1k ). Hence, one can plot the electromagnetic spectra for different values of H  and  , see 
Fig.3, for 5 Pl10H M
 , which is around the Planck, 2015 upper limit of pivot Hubble parameter, 
( 5* Pl3.6 10H M
 ) [96]. The pivot moment is the time when the commoving scale (
1
* * * 0.05k a H Mpc
 [96]) exits the Hubble radius. As a result, the conformal time can be 
taken as 20   . In this case, the scale invariant PMF can be generated and the backreaction 
problem may be avoided at 7.4359 . However, for 2  , the backreaction problem can be 
avoided easily, but the scale invariant PMF is not generated, see Fig.8.3. 
 
 
Fig.8.3. The EM spectra for  2,  7.4359  , 64N  , 20    and the expansion rate of inflation, 
5
Pl
10H M

 . 
For 2  , the scale invariant PMF cannot be achieved although the backreaction problem is easily to be avoided. 
However, for ( , ) 5/ 2N    ( 7.4359  ), the scale invariant PMF can be generated and the magnetic field 
energy is more than the electric field.  
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On the other hand, in the large expansion rate case, Pl0.2H M , the scale invariant PMF 
can be generated at 7.4359 but the problem of backreaction may not be avoided in the low, 
1k , see Fig.8.4. As the energy density at the end of inflation 1 end end
3
( 1,  = )
2
V V  by 
adopting the value of 5 Pl4.0 10M M
 , is   2R inflation
18 4
end Pl1.1 10 M


 . It is clear from 
Fig.8.4 that the energy of electromagnetic spectra is much higher than end .  In fact, this value of 
H  is way above the constraint upper limit [96]. Again, for 2  , the backreaction problem can 
be avoided easily, but the scale invariant PMF is not maintained throughout the inflationary era. 
 
 
Fig.8.4. The EM spectra for 2,  7.4359  , 64N  , 20    and the expansion rate of inflation, 
Pl
0.2H M . For 
2  , the scale invariant PMF cannot be achieved although the backreaction problem is easily to be avoided. 
However, for ( , ) 5/ 2N    ( 7.4359 ), the scale invariant PMF can be generated but the magnetic field 
energy is less than the electric field for low wavenumber.  
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The value of the index,  , at which the scale invariant PMF can be generated, varies as 
the value of N  changes. There is a slit different between this relation in de Sitter and power law 
expansion, see Fig.8.5. These values are around, 7.44 , for an interesting values of e-folds, (
50 70N  ). The validity of 7.44  will be discussed in the section 8.5, but from now 
onward, we adopt this value at 64N   to study the scale invariant PMF. In general, the whole 
results of de Sitter are very close to the power law results.  
  
 
Fig.8.5. The relation between  and N at which ( , ) 5/ 2N   , for both de Sitter and power law expansion. For 
the interesting range of  (50< <70)N N , the value of  is around,  7.44.  
 
  
First, let us draw the relation between electromagnetic spectra, Hubble parameter, H , 
and e-folding number, N , see Fig.8.6. It is clear, that, for the values of Pl0.2H M , the 
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magnetic spectra is more dominant than the electric ones. In this case, we still have Inf
ln
Bd
d k

 . 
However, we can have Inf
ln
Bd
d k

  below the upper constraint of the Hubble parameter, 
5
Pl3.6 10H M
  . The current investigation will be bounded in 5 Pl Pl10 0.2M H M
 .       
 
Fig.8.6. The relation between the EM spectra, Hubble parameter H , and e-folds number, N , for de Sitter 
expansion. Around 
Pl
~ 0.2H M , electric field can exceed the magnetic field in all interesting range of 
 (50< <70)N N .  
 
  
8.2.2 Electromagnetic Spectra in Power Law Expansion 
If the scalar field of inflation falls below a certain value, it starts to oscillate and then converts 
into particles in the reheating era, right after inflation. Hence, during inflation, the scale factor 
follows the power law, (6.7). In the slow roll limit, we can approximate 1 1V H . Hence, 
substituting (8.4) into (6.7) yields, 
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   , (8.19) 
where, l  is the integration constant. For relatively high ( 50N  ), the exponent in (8.19) is 
1.0003 , so we can approximate 1l H . Therefore, one cannot expect significant differences 
between the two cases. Nevertheless, we will investigate this case to have more precise results.  
 Again, as we did in the last section, we will assume that N  is quasi-constant and we will 
not write it as a function of conformal time explicitly. Hence, in the power law expansion, we 
substitute (8.19) into (8.9) and differentiate both sides, after doing few simplifications, we get, 
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  .(8.21) 
Plugging (8.20) into (8.13) yields the same solution as (8.15). In this case, ( , ) 5/2PL N   , at 
7.4339,  7.4{ 345}  , see Fig.8.2 for all interesting values of N. Therefore, the scale invariant 
PMF can be obtained in the long wavelength regime, 1k  (outside Hubble radius) around 
these values of  . Also, the electromagnetic spectra can be obtained in the same way as done in 
last section. The results are very close to those obtained by de Sitter case, see Fig.8.7-8.8.  
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Fig.8.7. The EM spectra for 7.43  , 64N  , 20   and the expansion rate of inflation (PL), 
1
Pl0.2H l M

 . 
The PMF exceeds the electric fields at 
5 1
7 10 Mpck
 
 .   
 
 
 Fig.8.8. The EM spectra for 7.43  , 64N  , 20   and the expansion rate (PL) at the pivot scale, 
1 5
Pl
3.6 10H l M   . The relation, 
Inf
ln ln
B E
d d
d k d k
 
   stays valid, throughout inflation at 1k .  
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It is clear from Fig.8.8 that, 
ln ln
B E
Inf
d d
d k d k
 
   at 5* Pl3.6 10H H M
  . In fact that 
value of the Hubble parameter is the upper value during inflation or at the time of pivot scale, at 
which the space time exits the Hubble radius [96]. Therefore, the problem of the backreaction 
caused by the divergence of the electric field at 1k , is avoided. In order to make sure, the 
above relation stays valid throughout the inflationary era, we can plot the EM spectra versus the 
conformal time,  , see Fig.8.9. We usually take   as a constant, but we consider it here as free 
parameter to make sure that the backreaction problem can be avoided during all relevant 
(conformal) time. Similarly, plotting an electromagnetic spectra as a function of e-foldings, N , 
shows the same relation, see Fig.8.10. 
 
 
Fig.8.9. The EM spectra as a function of  , for 7.43  , 64N  , 
13
10 Mpck

  and the upper limit of Hubble 
parameter during inflation, 
1 5
Pl3.6 10H l M
 
  . The relation, 
Inf
ln ln
B E
d d
d k d k
 
   stays valid, throughout the 
period, 1  . 
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Fig.8.10. The EM spectra as a function of N , for 7.43  , 
13
10 Mpck

  and the upper limit of Hubble 
parameter during inflation, 
1 5
Pl3.6 10H l M
 
  . The relation, 
Inf
ln ln
B E
d d
d k d k
 
   stays valid, throughout the 
period, 40 80N  . 
 
On the other hand, plotting the electromagnetic spectra as a function of Hubble parameter 
shows that the upper limit, 5 Pl4.6 10H M
 , can be considered as an upper limit for this model 
to avoid the backreaction problem. It is slightly higher than *H , see Fig 8.11. Furthermore, 
plotting the electromagnetic spectra as a function of the free index,  , shows that the positive 
upper limit, 7.76 , can be considered as an upper limit for this model to avoid the 
backreaction problem. It is also slightly higher than, 7.43  , at which one can generate a scale 
invariant PMF, see Fig 8.12.      
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Fig.8.11. The EM spectra as a function of H , for 7.43  , 
13
10 Mpck

  and 64N  . One can consider, 
5
Pl
4.6 10H M

 , as an upper limit of the Hubble parameter during inflation to avoid the backreaction problem. 
 
 
 
Fig.8.12. The EM spectra as a function of  , for 
1 5
Pl3.6 10H l M
 
  , 1310 Mpck   and 64N  . One can 
consider, 7.76 , as an upper limit of the free index during inflation to avoid the backreaction problem. 
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So far, we make sure that 
ln ln
B E
Inf
d d
d k d k
 
   during the inflation to avoid the 
backreaction problem. However, to test the contribution of the magnetic field in the inflationary 
energy, one has to consider the constraints of post-inflation eras. That point will be discussed in 
the next section. 
 
8.3 Constraining Reheating Parameters by PMF  
It is widely believed, that there was a phase of pre-heating or reheating at the end of inflation 
and before the radiation dominated era [100-102]. In this phase, as the temperature of inflation 
falls to certain value, rehT , the scalar field of inflation starts oscillates around some value and 
decays into standard matter, which populates the Universe later. As the temperature continues to 
fall, the Big Bang Nucleosynthesis (BBN) starts taking place at ~1MeVBBNT . These produced 
particles are perturbatively decayed into radiation in the radiation era.  
Initially, this process was thought it only occurs in a complicated inflationary model that 
has more than one field [103-105]. However, later on it was shown that it could be occur even in 
a single field model but at sub-Hubble scale of perturbations [106-108]. In order to constrain this 
phase, one has to define the reheating parameters based on both the inflationary model and the 
observations, like the Cosmic Microwaves Background (CMB) [109], the Large Scale Structure 
(LSS) [110], the BBN [111], and magnetogenesis [112]. 
There are two main difficulties in investigating this era. First, no direct cosmological 
observations can constrains the reheating parameters. Second, the physics of this period is highly 
uncertain. Therefore, indirect constraints of the reheating parameters are usually calculated from 
other cosmological observations. Also, several models have been proposed to explain this era. In 
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this section, the effect of the scale invariant PMF on the parameters of reheating is investigated. 
That is basically similar to Ref [112] but by considering 
2R -inflationary model.  
We adopt the new upper limits of present PMF which was constrained by Planck, 2015 
[95] and the instantaneous transition to the reheating and the epochs come after. For this reason, 
we start by discussing the reheating parameters. Next, we discuss how to constrain them by 
2R -
inflation and the present upper limit of PMF.    
           
8.3.1 Reheating Parameters 
The reheating era can be specified mainly by three parameters, the reheating parameter, radR , the 
reheating temperature, rehT , and the equation of state parameter, reh [55, 113-114]. The first one 
is defined as, 
 
1/4
end end
rad
reh reh
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R
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

 
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 
 , (8.22) 
where,   is the energy density, and “end” and “reh” stand respectively to the end of inflation 
and the end of reheating era. From the conservation of energy during the reheating era, 
      and /3P P   , where   is the energy density of the scalar field of inflation 
and   is the energy density of the radiation. Assuming these are the main constituent of the 
reheating era, one can write, 
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 , (8.23)  
where, reh is mean value of the equation of state parameter ( / ( )P a  ) defined by, 
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 . (8.24) 
 
Taking the logarithm of (8.22) and making use of (8.23) yields  
 
 
 reh end reh rehrad reh
reh end
1 3
ln 1 3 ln
4 12(1 )
N N
R
 

 
  
     
  
 . (8.25) 
In terms of the pivot quantities [81],  
 
2
0 end 1
rad 1/4 2
1 1 end Pl 1
/ 3 31 1
ln ln ln ln
4 3 4
V
V V V
k a V H
R N
V M

   
 

  
     
              
.  (8.26) 
On the other hand, the relation between the reheating temperature and energy density can be 
written as, 
 
2
4
reh reh reh
30
g T

   , (8.27) 
where, rehg is the number of relativistic degree of freedom at the end of reheating. One also can 
relate the reheating temperature to today temperature of CMB, 0T , [115] as 
 eq
1/3 1/3
0 0
reh 0 0
reh reh eq reh
43 43
11 11
Na a
T T T e
a g a g
     
        
     
 . (8.28) 
where, eqeq reh/
N
a a e , during radiation era, and “eq” stands for the period of equality between 
radiation and matter dominant phases.    
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In terms of the pivot scale, k kk a H , at which the commoving scale crosses the Hubble 
radius (horizon size) during the inflation, one can write down the relation between the scale 
factors and Hubble parameters [55] for different epochs of the Universe as 
 
eqend reh
0 0 0 0 end reh eq 0 0
k k k k
aa aa H a Hk
a H a H a a a a H
  .  (8.29) 
From (8.29), one can write the ratio, 
 eqreh0 0
eq
k
NNNka a H e e e
a k
  , (8.30) 
In (8.28) and (8.30), we assume the exponential expansion during reheating and radiation epoch 
too. Substituting of (8.30) into (8.28) gives 
 reh
1/3
0 0
reh
reh
43
11
k NN
k
T a
T H e e
k g
     
  
 . (8.31) 
If the equation of state is assumed to be constant during reheating then, 
3(1 )a    . 
Also, the relation between the energy density and potential [115] can be written as, 
 
1
1
1
3/ 1V
V
 
  
 
  (8.32) 
Making use of these relations, at which 1 1V  , and substituting of (8.31) into (8.27) and taking 
natural logarithm yields the equations of reheating e-folds numbers and temperature, 
 
reh
2
0 0 reh
reh 2
reh
e d
1
n
111 30 1
ln ln ln
4 3 434
1 3 1 1 1 1
ln( ) ln 1 ln
4 4 3/ 1 2 2
k
s
V
gk
N
a T g
N
rA
V

 
      
         
     
             
     
 , (8.33) 
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reh
reh
3(1 )
1 3 11/3
3(1 )
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reh 2
re eh1h r
43 1
1
11 3/ 1
k
V
N
k
T a V
T H e
k g g








 
      
                
 , (8.34) 
where, endV is the potential at the end of inflation and sA is the scalar power spectrum magnitude, 
obtained by (6.11).  
By adopting Planck, 2015 results [96, 115, 116], we have 
1
0
0.05Mpc
k
a
 , 
 0.9682 0.0062sn   , 
9 2.196 10sA
  , and 5 Pl3.6 10kH M
  , also by using reh 100g  ,  
Eqs.(8.33)-(8.34) become 
 
1/4
end
reh
reh
4
61.1 ln
1 3
k
k
V
N N
H
  
    
    
 , (8.35) 
 
1/4
reh reh reh end
1
2
3 3 1
exp (1 ) 1
4 10 3/ 1V
T N V
 
     
              
. (8.36)  
The equation of state parameter at reheating era, reh , for general inflationary potential is 
usually taken in the interval, reh1/3 1    [117]. But for Starobinsky inflation (
2R -inflation), 
the interval that fits well with Planck, 2015 results is  reh0 1/3   [115].  
 
8.3.2 Constraining Reheating Parameters by the Present PMF in -inflation  
The next step is to relate the reheating parameters to the present PMF which is constrained by the 
results of Planck, 2015 [95]. As the conformal invariance of electromagnetic field is restored 
after inflation, the present super Hubble magnetic field 0B  is redshifted since the end of inflation 
[112] as, 
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 end0 2
end(1 )
B
B
z


,  (8.37) 
where, endB is the magnetic field at the end of inflation and endz is the redshift at the end of 
inflation. Hence, at the end of inflation we can write, 
 
1/4
eq0 0 reh end
end
end eq reh end rad
1
1
aa a a
z
a a a a R 


 
      
 
, (8.38) 
where, 125 4~(5.7 10 )PlM
  is energy density of  radiation today.  
We substitute (8.38) into (8.37) and make sure there is no backreaction problem at the 
end of inflation, 
end endB
  . Since, 2 /2B B  , then combining (8.37) and (8.38) yields the 
constraint in reheating parameters from the present PMF [112], 
 
1/2
0
rad 1/4(2 )
B
R

 . (8.39) 
The upper limit of present PMF calculated by Planck, 2015 is 9~10 G . Therefore, the lower 
limit of reheating parameter is, 2rad 1.761 10R
 . But this limit is independent of the 
inflationary model. Hence, for a more accurate limit of radR  associated with 
2R -inflation, one 
can use (8.26) and adopting the Planck, 2015 results, at which the middle value, 58.5N , if 
reh is not constant [96]. It implies that, rad 6.888R , which is three orders of magnitude more 
than the previous one. Therefore, the reheating in this case is more constraint by the inflationary 
model bound. 
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On the other hand, the reheating energy density scale, reh , e-folds number, rehN  , and 
temperature, rehT , are not model independent. Hence, we need to constrain these values in the 
context of (
2R -inflation). In order to constrain the reheating energy scale, one can substitute 
(8.39) into (8.25) to obtain, 
 
reh
reh
6(1 )
1 3
0
reh end 1/2(2 )
B



 


 
  
  
 . (8.40) 
Therefore, one has to find end  for the model of inflation. Also, the lower limit of 
reheating energy density should be greater than BBN energy, reh nuc  , where nuc  is in the 
order of ( ~10MeV ).We can use the upper bound of the energy density of inflation derived from 
WMAP7,   10 4end PlCMB 2.789 10 M
   [109] and the lower limit of rad( 6.888)R  and substitute 
them into (8.38), one can find the upper bound of, d
27
en 6. 01 828 1z   . If we substitute the 
redshift into (8.37), we can find the upper limit of magnetic field at the end of inflation, 
4
end
64.662  10 GB  5 2Pl3541 10(2. )M
 , where we have used, 57 2Pl1 G  3.3  10 M
  . Hence, 
the energy density of the magnetic field is  
end
4
Pl
CMB
201.184 10B M
 . It is ten orders of 
magnitude less than the upper limit of end  found from CMB [109]. Therefore, the backreaction 
problem can be avoided easily.  
On the other hand, we can use Eq.(8.32) to find the energy density at the end of inflation 
1 end end
3
( 1,  = )
2
V V  . By adopting the value of 
5
Pl4.0 10M M
 , calculated from the 
amplitude of the CMB anisotropies [81], we find   2R inflation
18 4
end Pl1.1 10 M


 . Similarly, 
substituting of this value with the limit, rad( 6.888)R   into (8.37)-(8.38), implies that, 
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d
25
en 5. 01 414 1z    and   2end
4
Pl
R inflation
294.6788 10B M

  , which is free more from 
backreaction problem. Therefore,   2end R inflationB   calculated by inflationary model and the 
present limits of PMF found by Planck, 2015 puts more constraints on the 
endB
  than the 
constraints found by  
end CMB
B with present limits of PMF.  
Similarly, one can plot both rehN  and rehT  as a function of sn  by using Eq.(8.36), see 
Fig.8.13-8.14. As shown in Fig.8.14, all curves of possible reh  intersect at 
13
reh 4.32 10 GeVT    
and s 0.9674n  , the value of spectral index fits well with the range of Planck, 2015 for 
2R -
inflation. This temperature is much more than the range of reheating temperature obtained from 
CMB in the context of LFI, see Eq. (54) of Ref.[109]. As we use the upper limit of H  in 
Eq.(8.35), we can consider the above value as the upper limit of rehT . 
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Fig.8.13. The plot of reheating e-folds, 
reh
N , versus spectral index, 
s
n , at the end of 
2
R -inflation, for some values in 
reh
0.3 1   . They all intersect at 
s
0.9674n  , which lies well in the Planck, 2015 range, 
 0.9682 0.0062
s
n   . 
 
Fig.8.14. The plot of reheating temperature, 
reh
T , versus spectral index, 
s
n , at the end of 
2
R -inflation, for some 
values in 
reh
0.3 1   . They all intersect into 13
reh
~ 4.32 10 GeVT   at 
s
0.9674n  . The value of the 
temperature is below 
1/4
end
( )  and the spectral index lie in the Planck, 2015 range,  0.9682 0.0062
s
n   .  
 
Thus, adopting the this temperature for all reh  models of reheating, enables us to 
constrain the rehN  on the range reh1 8.3N  , for all possible values of , reh see Fig.8.15. The 
average value of rehN  is relatively low, reh 4.7N . Also, from (8.27), one can find 
4
reh Pl
183.259 10 M  , which is in the same order of magnitude of the upper limit of 
  2R infla onend ti   and two orders of magnitude more than the upper limit of  end CMBB . Interestingly 
enough this value of 1/4r h
1
e
41.03( 5 10 GeV)   is one order of magnitude less than the range of end
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, obtained from CMB for the large field inflation [109], see Eq.(8.22) of the same reference. 
Therefore, the instantaneous reheating at which, end reh  , can be manifested by this result.  
 
Fig.8.15. The number of e-folds, 
reh
N , during reheating, for all possible values of the equation of state parameter, 
reh
1 / 3 1   , at 
s
0.9637n  . The range of e-folds is, 
reh
1 8.3N  . In 
2
R -inflation, the values of state 
parameter lies onto 
reh
0 1 / 3  , hence the middle value is 
reh
4.7N . 
 
At the end of this section, we constrain the upper limit of reheating energy density, reh , 
based on the lower limits of both rehN  and reheating parameter, radR . The last one was obtained 
from the present upper limit of PMF by Planck, 2015. Hence, Eq.(8.22) can be written as, 
 reh
1/4
end
rad
reh
e NR


    
 
,  (8.41) 
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If we use  end CMB , the upper limit,  
42
reh PlCMB
28.480 10 M  , which is much more than the 
lower limit derived from WMAP7 for both large and small field inflation [109]. However, if 
  2R infla onend ti   is used, the upper limit is   2
4
reh PlR inflation
303.344 10 M 

  . It is still much more 
than the lower limit derived from WMAP7 for both large and small field inflation. 
  
8.4 Constraining the Present PMF from the Magnetogensis  
In this section, we will constrain the value of present PMF, based on both the predicted scale 
invariant magnetic fields generated in inflationary era by 
2f FF model in 2R -inflation, which are 
calculated in section 8.2, and by using the constraint values of reheating parameters, which are 
calculated in section 8.3.  In order to do that, we need to impose some necessary assumptions. 
First as shown in [44], the magnetic field energy density, B , scales as 
41/a  independently of 
the dominant constituent in the reheating era and the eras come after. That is basically the 
implication of Eq.(8.37). Second, and to insure that, this model does not suffer from the 
backreaction problem, we generalize the validity of Eq.(102) in [44] to the end of inflation. 
 end
end endln ln
E Bd d
d k d k
 
   , (8.42) 
where, the EM spectra in (8.42) are calculated by (5.22)-(5.23). The third assumption is that, the 
reheating is not going to affect the magnitude and the shape of EM spectra.  
As a result of the above assumptions, one can neglect the electric field in Fig.8.9 without 
specifying the constraints of electric conductivity of the reheating ( c H ) which may lead to 
zero electric field and constant magnetic field. Also, as rehN , is relatively small we may assume 
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that, 
end rehln ln
B Bd d
d k d k
 
. Since, we use Planck units in computation Pl( 1)M  , then the scale of 
the spectra is in 4Pl( )M . Also, by using the upper limit of Hubble parameter during inflation, 
5
Pl3.6 10H M
  , the magnitude of magnetic spectra, which are obtained from Fig.8.9-8.10, is 
19 4
Pl
end
3.842 10
ln
Bd M
d k
  . This value is well below both the upper limit of  end CMB  and 
  2R infla onend ti  . However, it is one order of magnitude more than the upper limit of  end CMBB and 
much more than the upper limit of   2end R inflationB  . Also,    2reh rehR inflation CMB
end
,
ln
Bd
d k

 

. 
The last result shows that the inflationary magnetogensis may play significant role during the 
reheating era.   
By taking the magnitude of the magnetic spectra as equivalent to 
endB
 , then the upper 
bound of magnetic field at the end of inflation, 4end
73.76 G10B  . Therefore, if we use the 
upper bound of redshift derived from  end CMB , d
27
en 6. 01 828 1z   , the upper limit of the 
present PMF is, 90 8.058 0 G1B
 . It is in the same order of magnitude of the upper bound of 
PMF obtained by Planck, 2015. However, if we use the upper bound of redshift derived from 
  2R infla onend ti  , d
25
en 5. 01 414 1z   , the upper limit of the present PMF will be 
4
0 1.282 0 G1B
 . That is even higher than the galactic magnetic field which is in the order of 
610 G . Therefore, the second limit is too weak.    
          
116 
 
8.5 Summary and Discussion of the PMF Generated in -Inflation 
In this chapter, we have shown that the scale invariant PMF can be generated by the simple 
model 2f FF  in 
2R -inflationary model, which is mostly favored by the latest result of Planck, 
2015 [96]. Similar to generating PMF in NI [92] and LFI [93], we can avoid the problem of 
backreaction in generating it in 
2R -inflation. Further, in 2R -inflation, one can hold the relation  
Inf
ln ln
B Ed d
d k d k
 
   true for scales of k , H , N  that fit with observations. So, avoiding the 
backreaction problem in this model is easier than the other models. It is easily to avoid this 
problem as long as, the rate of inflationary expansion, H , is in the order of or less than, 
5
Pl4.6 10H M
  which is slightly higher than the upper bound reported by Planck (
5
Pl3.6 10 M
 ) [96]. Also, the positive upper limit, 7.76 , can be considered as an upper 
limit for this model to avoid the backreaction problem. It is also slightly higher than, 7.43  , at 
which one can generate a scale invariant PMF in this model. We do this investigation for both 
simple exponential (de Sitter) and power law expansion. At sufficiently high e-folds number, N , 
there is no significant differences in their results. 
The second main result is constraining the reheating parameters from the upper limits of 
PMF reported by Planck, 2015 [95]. In the context of 
2R -inflation, we calculate the lower limits 
of the reheating parameter, rad 6.888R  . Also, we find the other reheating parameters based on 
the upper limit of energy density at the end of inflation calculated from CBM data, 
  10 4end PlCMB 2.789 10 M
  ,  and from the inflationary model,   2R inflation
18 4
end Pl1.1 10 M


 . 
As a result, we find that the magnetic field energy density at the end of inflation as 
 
end
4
Pl
CMB
201.184 10B M
  and   2end
4
Pl
R inflation
294.6788 10B M

  . Similarly, we find the 
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upper limit at the end of reheating,   42reh PlCMB
28.480 10 M   and 
  2 4reh PlR inflation
303.344 10 M 

  . All of foregoing results are more than the lower limit derived 
from WMAP7 for both large and small field inflation [109]. These results show the significance 
of PMF during reheating era. 
On the other hand, we constrain the reheating parameters by using the Planck inflationary 
constraints, 2015 [96] in the context of 
2R -inflation. The upper limit of reheating temperature 
and energy density for all possible values of , reh  are respectively constrained as, 
13
reh 4.32 10 GeVT    and 
4
reh Pl
183.259 10 M   at s 0.9674n  . This value of sn  spectral index 
is well consistent with Planck, 2015 results. Adopting rehT  for all reh  models of reheating, 
enables us to constrain the rehN  on the range reh1 8.3N  , for all possible values of , reh .  
At the end, we constrain 0B , from the scale invariant PMF, generated by 
2f FF in 
2R -
inflation in section.8.3. From the PMF spectra, Fig.8.9-8.10, we find that the upper limit of 
magnetic field in the end of inflation is 4end
73.76 G10B  . Therefore, if we use the upper bound 
of redshift derived from  end CMB , then 
9
0 8.058 0 G1B
 . It is in the same order of PMF 
obtained by Planck, 2015. However, if we use the upper bound of redshift derived from 
  2R infla onend ti  , then 
4
0 1.282 0 G1B
 . That is even higher than the interplanetary or galactic 
magnetic field which is of the order of 
610 G . Therefore, the second limit is too weak.    
In order to achieve the scale invariant PMF by this model, the free index of the coupling 
function has a relatively high values, { 7.44,  7.44}   . However, at 2  , which is the typical 
value, we cannot generate scale invariant magnetic field. The main problem with this model is 
the value, 7.44  , which is out of the dynamo constraints imposed by CMB, BBN, and 
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Faraday rotation, RM, see Eq.(94) and Fig.3 of Ref.[44]. In fact those limits are derived mainly 
for exponential and large field inflation models. Therefore, this subject needs more investigation 
on the context of 
2R -inflation. 
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CHAPTER NINE: DISCUSSION OF THE RESULTS AND CONCLUSIONS  
 
 
The PMF can be generated by the simple inflation model 2f FF  in the exponential model of 
inflation, and requires a breaking of the conformal symmetry of the electromagnetism. In this 
research, we use the same method of [44] to investigate the PMF in large field inflation, LFI, and 
natural inflation, NI, and 
2R -inflation. LFI and NI gained more attention after BICEP2 [54], 
because they fit more with its results. 
We investigate the PMF generated in the context of LFI and NI by both the de Sitter 
expansion, and the power law expansion. The simple de Sitter expansion is only zeroth order 
approximation which does not have graceful exit from inflation [91]. But it can be assumed valid 
on most of inflationary era. 
The slow roll analysis for both models shows that for sufficiently large e-folding number,
50N  , the power law inflation can lead to the same general results as the simple de Sitter 
model of expansion. On both cases, we find that, under the constraints (limits) of BICEP2, 
   1fV   , the PMF can be generated in principle in all parameters of the two models. 
However, the scale invariant PMF cannot be generated in these limits. In this case the electric 
and magnetic fields generated are of the same order of magnitude. 
However, by releasing BICEP2 limits and enforce the scale invariance condition, 
 5/2 , one can generate the scale invariant PMF in both models and both ways of expansion. 
A scale invariance property explains why PMF is detected nearly in all scales of the universe. 
We investigate the PMF under the scale invariance condition in LFI and NI outside Hubble 
radius, ( 1k ) in both ways of expansion. A scale invariant PMF can be generated in both 
cases, but the associated electric field has energy scale increasing excessively and becomes 
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greater than the energy of inflation at extremely low k , that is basically the problem of 
backreaction.  
On the other hand, for some observable scales of wave numbers, k , the electromagnetic 
spectra can fall below Inf  in LFI. Thus, the backreaction problem can be avoided in this model. 
For example, the backreaction problem can be avoided for 
7 -18 10 Mpck   and 
6 -14 10 Mpck   in de Sitter and power law expansion respectively in the context of LFI 
model. 
Similarly, computing the electromagnetic spectra as a function of p  , iH  , N  , 0l  , M  , 
and 2c , shows that the electromagnetic spectra can fall below Inf  at certain ranges, in the 
context of LFI. Under de Sitter expansion, the backreaction problem can be avoided on the 
ranges, 3 Pl1.3 10iH M
 , and 5 Pl8.5 10M M
 . However, under the power law of expansion, 
it can be avoided on the ranges, 51N , 1.66p , 2.03p , 
5 1 6
0 Pl Pl3 10 ( )3.3 10il M H M
   , 3 Pl2.8 10M M
  , and 2 1c . Interestingly enough, all 
of the above ranges fit with the observational constraints. Beyond these ranges, the backreaction 
problem is more likely to occur. In these cases, the results of this research provide more 
arguments against the simple gauge invariant coupling 
2f FF , as way of generating PMF in LFI. 
On the other hand in the context of NI, for 
7 -18.0 10 Mpck   and 3 Pl1.25 10 MiH
 , 
both electric and magnetic energy densities can fall below the inflationary energy density, Inf . 
In this case, one can consider these values as, respectively, a lower bound of k  and an upper 
bound of iH  for a backreaction-free model of PMF.  Moreover, these scales include most of the 
observable ranges of k  and iH . 
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Furthermore, there is a range of min Pl(~0.00874 )M , and 
3 12.53 10 Mpck   , at 
which the energy density of the electric field can even fall below the energy density of the 
magnetic field. Again these values lie on the observable range of k  and the anticipated scale of 
 . Therefore, the problem of backreaction can be avoided in these ranges of values. Also, the 
role of electric field may be neglected in the post-inflation eras. However, the relatively short 
range of k , presents a serious challenge to the viability of this model. 
One of the main part of this research is the investigation of magnetogensis in the context 
of the 2R -inflation, which is favored most, by Planck, 2015. Further, in 2R -inflation, one can 
hold the relation  Inf
ln ln
B Ed d
d k d k
 
   true for scales of k , H , N  that fit with observations. So, 
avoiding the backreaction problem in this model is easier than the other models. It is easily to 
avoid this problem as long as, the rate of inflationary expansion, H , is in the order of or less 
than, 5 Pl4.6 10H M
  which is slightly higher than the upper bound reported by Planck (
5
Pl3.6 10 M
 ) [96]. Also, the positive upper limit, 7.76 , can be considered as an upper 
limit for this model to avoid the backreaction problem. It is also slightly higher than, 7.43  , at 
which one can generate a scale invariant PMF in this model.  
In the same context, we investigate the post-inflation era which may affect the evolution 
of PMF. As a result, we calculate the lower limits of the reheating parameter, rad 6.888R  . Also, 
we find the other reheating parameters based on the upper limit of energy density at the end of 
inflation calculated from CBM data,   10 4end PlCMB 2.789 10 M
  ,  and from the inflationary 
model,   2R inflation
18 4
end Pl1.1 10 M


 . We find that the magnetic field energy density at the end 
of inflation as  
end
4
Pl
CMB
201.184 10B M
  and   2end
4
Pl
R inflation
294.6788 10B M

  . Similarly, 
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we find the upper limit at the end of reheating,   42reh PlCMB
28.480 10 M   and 
  2 4reh PlR inflation
303.344 10 M 

  . All of foregoing results are more than the lower limit derived 
from WMAP7 for both large and small field inflation [109]. These results show the significance 
of PMF role during reheating era, which might be needed to consider in investigating the 
reheating era.  
In the same way, we constrain the reheating parameters by using the Planck inflationary 
constraints, 2015 [96] in the context of 
2R -inflation. The upper limit of reheating temperature 
and energy density for all possible values of , reh  are respectively constrained as, 
13
reh 4.32 10 GeVT   and 
4
reh Pl
183.259 10 M   at s 0.9674n  . This value of sn  spectral 
index is well consistent with Planck, 2015 results. Adopting rehT  for all reh  models of 
reheating, enables us to constrain the rehN  on the range reh1 8.3N , for all possible values of 
, reh , see Fig.8.13.   
The final result is the most important one in this research. It is the constraining of the 
present PMF, 0B , based on the scale invariant PMF, generated by 
2f FF  in 
2R -inflation. By 
referring to the spectra, Fig.8.9-8.10, we find that the upper limit of magnetic field in the end of 
inflation is 4end
73.76 G10B  . Therefore, if we use the upper bound of redshift derived from 
 end CMB , then 
9
0 8.058 0 G1B
 . This result is in the same order of PMF obtained by Planck, 
2015. However, if we use the upper bound of redshift derived from   2R infla onend ti  , then 
4
0 1.282 0 G1B
 . That is even higher than the interplanetary or galactic magnetic field which 
is of the order of 
610 G . Therefore, the second limit is too weak.  
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In fact, Planck, 2015 results do not include the inflationary initial conditions of PMF. 
They only include the passive and compensated modes which occur way after the inflation era. 
The passive modes are generated if PMF contributes in CMB before neutrino decoupling (
MeVT ), and the compensated modes are generated if PMF contributes in CMB after neutrino 
decoupling ( ~ MeV, ~T t s ).  
On the other hand, there are some problems relating to this model need to be investigated 
in order to have more robust model. The first one is the high value of the free index of the 
coupling function, { 7.44,  7.44}   , at which we can generate a scale invariant PMF. 
However, at 2  , which is the typical value, we cannot generate scale invariant magnetic field 
in this model. This high value is out of the dynamo constraints imposed by CMB, BBN, and 
Faraday rotation, RM, see Eq.(94) and Fig.3 of Ref.[44]. In fact those limits are derived mainly 
for exponential and large field inflation models. Therefore, this subject needs more investigation 
on the context of 
2R -inflation. 
The second problem is the approximation of quasi-constant e-folding number, N , in 
comparing with the conformal time. This assumption was necessary to have a Bessel solution to 
Eq.(8.13). That enables us to decide the scale invariance conditions and to calculate the 
magnitude of PMF at the end of inflation. This approximation may need more investigation 
under different inflationary quantities.    
By now, it is clear that the results of BICEP2 [54] have been disapproved since the new 
results of PKB has been announced [94]. Also, the 2f FF  model is apparently incompatible with 
both LFI and NI and the BICEP2 results in the same time. Furthermore, if the above problems 
are not resolved and 
2R -inflation shows more consistency with cosmological observations, the 
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last results of this research may go against the same model as way of generating PMF. These 
difficulties add constraints to this model, in addition to those found by other researches, such as 
new stringent upper limits on the PMF, derived from analyzing the expected imprint of PMF on 
the CMB power spectra [56], bi-spectra [82], tri-spectra [83], anisotropies and B-modes [84], 
and the curvature perturbation and scale of inflation [84, 85].  
However, if there is a way to justify the relatively high   and the approximation of 
quasi-constant N , in the framework of the standard cosmological model, CDM , the results of 
chapter 8 may be considered as a possible avenue to solve the problem of backreaction and the 
2f FF  model may be viable model in the context of 
2R -inflation.  It also might be a contribution 
in solving the open question about the generation of PMF.  Also, the agreement between the 
result of this model and the upper limit of present PMF found by Planck, 2015 casts some credits 
to this model. 
In addition to investigating the possibility of the high value of  , one can extend this 
research by investigating this model in quantum field realm. The problem of strong coupling can 
be addressed in this context. If this problem is resolved too, the model will become more robust 
and more self-consistent.       
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